o ) uigeli.xyz .
MOT SO BAI TOAN TQA PO HOA MOT SO HINH HQC KHONG GIAN

VA UNG DUNG THUC TE

Phuong phip: Dé toa d6 hoa mot sb hinh hoc khong gian thi ta thyc hién nhu sau:

Budc 1: Chon hé truc toa d§. Trong budc nay ta s€ xac dinh 3 duong vudng goc co trong bai
toan va goi d6 1a 3 duong co so. Thong thuong thi ta s& quy ude truc OX huéng vao minh, truc

O nim ngang, con lai 1a truc Oz

Buéc 2: Xac dinh toa do cac diém lién trén hinh lién quan téi bai toan. Vi nhitng ban chua
quen thi chiing ta x4c dinh toa dg hinh chiéu cua diém can tim 1én cac truc, tir d6 sé suy ra dugc
toa do diém can tinh.

Bude 3: Ap dung cong thic. Sau day chung ta s& nhéc lai mot sé cong thirc can nhé trong phan
nay:

Dién tich va thé tich: Dién tich tam giac, thé tich tr dién, thé tich hinh hop, thé tich hinh ling
tru.

Géc: Goc gitra 2 mat phang, goc gitta 2 duong thang, goc gitta duong thang va mat phing.
Khoang cach: Khoang cach tir diém dén mat phang, Khoang cach tir mot diém dén 1 duong

thang, Khoang cach giira hai dudng thiang chéo nhau.

Chi y: Thong thudng cac bai ma khong c6 3 dudng vudng goc thi ta s& phai tu dung thém dé gin toa do

va nhitng bai lién quan téi hinh 1ap phwong, hinh hop chir nhat, chdi chép ¢ 3 dudng vudng goc, ling tru

dung thi khi ap dung phwong phép nay s& giai rit nhanh.

A. BAI TAP TRAC NGHIEM

PHAN 1. Cau tric nghiém nhiéu phwong 4n lya chon. Mdi ciu héi thi sinh chi chon mt phwong an.

Cau 1:

Cho tir dign OABC ¢ 04 OB OC {ai mot vudng goc va 4 =08 =2a OC :u\E‘

Khoang céch tir diém O dén mat phing (AB(") béng
a 3a

A. a\/z B. 4 C.E, D. 4

Loi giai

Xét hé truc toa do Oxyz nhu sau diém O 1a géc toa do O4=0:z : OB=0x vy oC= O-".
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Cau 2:

Cau 3:

uigeli.xyz
Khi 46 ta co Q(0:0:0), 4(0:0:20) | B(2a0:0) C(0:av2:0)

Phuong trinh mat phéng (ABC) 1a Ja a2 X4 2y

|n c2 0 0= 20

d{O(ABC))=
C) 3 R } 1+ 241

Khoang cach tir diém O dén mit phing (A

Cho hinh Iap phuong 5CPABCD

a

a

A3 B. Vo c. a3, p. av6
Loi giai

bat ¢ =1, Chon B4 la truc Ox | BG la truc Oy’ BB la truc Oz

Suy ra 000 AL, {00y, B (00 ), C(0:0:1)

Ta ¢6 AB=(-L0l)BE={00]),5C={0]])
[45.5¢]88

‘[.éz,fé. f'f,'i"]| B

d(AB.BC)=
Vay

Oxyz

Trong khong gian voi hé toa do , cho hai mit phang

' canh bang ¢ . Khoang cach giita 4.8 va BC bang

dr-4y+2z-1=0

va

20 =20 20 1=0 chia hai mit caa hinh 13p phuong. Thé tich khdi 1ap phuong do bing

1 1 o o

I/:_. V:—' I’{ e — I" =
A 27 B 8 c. 33 p. 22
Loi gigi

=R - = i '"'-,I-—"' '+ 4 1= X - 7 A
Gia su (F)dx—dy 22~ ﬂ, (@):2x—2y+z+1 n. Ta thay (P (2) . Mat khac lay
dgidm M (%071 ElQ) Goi a 13 d6 dai canh hinh 1ap phuong

a=d{(P)(O))=d(M:(P))=
Khi @6 ta co:

Cho hinh chop S-ABCD ¢4 gay ABCD 13 tam giac vuoéng voi 48 =AC=2 Canh bén $4
vudng goc v6i day va 54 =3 Goi M 1a trung diém cia SC . Tinh khoang cach giita 4M va

BC

NE) 23 W22 V22
. =

2 B. 3 c. 1l D.
A.
Loi giai

A(0,0:0) S(0:0:3).8(2:0:0),C(0:2:0)

Gaén hé tru toa do ta co la géc toa do,
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. 3N =
1;‘ 1 _\ AM =| 012 |, BC=(-2:20) “;z[‘;,j\';r‘;;;]z (-3:-3:2

biem .Taco Goi T

nhan '~ V7T lam vecto phap tuyén.

30— 3.0 2.0 1
d(AM ,BC)=d | 4[;*}}—| 'ﬁ|— J__

I PO DU, T =3 "I-l: 11
(F):=3x—3y+2240=0.p . J[ )

B 7
Goi (P) la mat phang qua B

Jit
, . en . 2 SB oy ox 2 (SA C) 3 T , o £ .
cua goc gitta duong thang va mat phang bang . Tinh thé tich khoi chop
S.ABC

aB\/E a'\/g 24° \B a3J6
3

A, O B. 9 . c. 9 . D.
Loi gii

Goi 14 hinh chiéu vudng goc cua S trén mit phing (ABC).

HC
AB LS

ABC = BAS = BCS =90° =
Taco T LUABC) = s 1 4B oy SH L BC BCLS

q - q 3 — . . ., . . .
Suy ra ABL(SHA)= ABL AN\ BCL(SHC)= BCLHC 00 iao ABCH 13 hinh

chir nhat. Suy ra BC=+AC — AB" = m.E'

11(0:0:0). A av2:0:0). B av2:0:0).C(0::0)

Gén hé truc toa d6 nhu hinh v& ta ¢

AC= [ —a~2:a:0 I SA= [ a2:0:— '.'

. SH=xixr>0)= S{0:0:
GléSfI-'” af )= S| "}.Taco

_x[.9!'(_'._‘?._4]:I::—:.'_r.'—:.'.'r\E:—:.':ﬁ} H:I: w2 :N"_ﬁ - ‘?h’:l::.'ﬁu—b

uigeli.xyz Trang 3



Cau 6:

uigeli.xyz

L:L‘I:i[__‘ib’.n”: B Ji1

|f§‘f§|_|e} = THE

xaf2 + xa? - xa? |
i+ 207 A3 + X7

SIn(SB. (SAC))=

Suy ra
— 'JE.'-.': t 1[.':.\1,3“: t .'-."" = m .'-.'n'-.,l'rf

2,2 : ! 2 3 2 2 : 2 2 : 4._‘-'(3.":—1[{:.(.":—E[f:.=ﬂ
e O+ 3 4 0 + 2 =22 = A =g+ pm =10 b ' ' '

e (3074 207)(3a% 1+ 27 ) = 1120717 )

Y =30 HB=AC=a3 Lan vgi SH= =3a’ = SB=NSH + HE = a0 = 2a
@2

"‘I

ABBC =

P | =

N

(thoa man). Do d6 S = ("\E. Dién tich cia tam gidc 4BC 1a .

2 i

1 1
Ve = TSHS, e =z,

Vay
Cho hinh 13p phuong ABCD.A'B'C'D' ¢4 canh bang 24. Tinh goc gitta CC' va mit phing
(4B'C")

A. 60 B. 30°, C. 45°, D. 907,

Chon hé truc Oxyz nhu hinh vé

] D’
A -
B.
C
, s ) _'22 ] »-) »-) T -2‘2
Gén toa do ‘4(0.0.0)’ (2 .0)’ B (_.0._), C(2:2:2)
A =(2:0:2Y A =(2:29 noo = ABLAC |=(~40:4) OC = (0:0:2

Ta co B =( }, A0 =(2:2:2) suyra [ ] ' },LL ( ]
- _ g CC 4.0 40.0 142 >
sm((‘(":[_.Mf'("}j:‘ms[(‘(":n. }‘— | _ | | | :£

e | = |(_-‘;|:T'|_||.i.l.:.l_5.:._"||: m\j{[__”_ . n: -—1: 2

Vay (CCh{AB'C')) = 45°
Cho hinh ling try tam giac déu ABCAB'C ¢4 tht ca céc canh bang nhau. Goi @ 1a goc tao

boi hai mat phang (C4B) va (BCC B) . Gia tr tan bang
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uigeli.xyz
i 215

c. 2, D. 3

>
)
o]

=)

Loi giai

Gia str lang try tam giac déu ABCABC" ¢4 tht ca cac canh bang 1.
Chon hé truc 97 vi O 1a trung diém AC, Be Ox C €Oy

NG
2

A

.0:1 ‘ C'|KO:%:1 |

.,0:%:0\‘ B"

A[f);—%;t}‘\ 3‘ %;:};0 \ C

Ta co h - 5 s v F s s
o I'z 2 | e i 2
.4H=’£:l:[‘1| fﬁ(":'—£:l:]| -

|22 2 @00

AB.BC'

| —

Lo | =
|

2] 5

1

"=

Mit phang (C B) ¢6 vecto phéap tuyén

L1 ﬁ‘ﬁ.ﬁ_ﬂ‘

|J;I_Ji'~| E E 2 . 3 2
COS(F = ———— = : d _N
, 1 3 3 |1 3 7
|Fi‘l|.|ﬂi'_| ‘j _____ _\j_ N
Ta co 4 4 4¥4 4 '
1 [
= taner = — 1= _—1=4n
COS™ ¢r E
e ] 7]
1+ tan-er = . S
Ta lai co COs o \ )

Cau8: Cho hinh lap phuong ABCD.A'B'C'D" canh bing @. Goi K 1a trung diém DD’ . Tinh khodng
cach giita hai duong thing CK va A'D
2a 4a 3a a
A.?. B.?. C.T. D.E.
Loi gidi
Goi M 1a trung diém BB’ thitaco <& Il A M = CKI (4 MD)
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Cau 9:

Suy ra

uigeli.xyz
d(CK, AD)=d [CK,(AMD))=d[C.(AMD))

Chon truc toa do nhu hinh vé:

z
IT !
AL D
l’,i )
BY L '

S O
M- .i- Tiiizzzomadeo /00 —E—
,,'A D

Bl c

A(0:0:0).8(a:0:0). D( 0:a:0). A(0:0:a).C(a:a:0). B (a:0:a). M| u.-n.-:_' |
Ta co | 2

rvill| ay = prrwlrec BN K AP
M =| a:0- 5 | AD=(0:ai- a)= | AM. AD|=| —ia'ia” |.

i
-

Khi 46 -

Suy ra mit phflng (A4 MD) c6 mdt vecto phap tuyén 14 (l: 2:2)

F2r+22=2a=10

Phuong trinh mit phing (4"MD) c¢6 dang: *

aq+ 2o — 1:f| i

d{C.(A'MD))= | -

Vay :
Cho lang tru dimg ABCD.A'B'C'D" ¢4 gay ABCD 13 hinh thoi tam O canh @, 44" =a va goc
ABC=60" Goi M 1a trung diém ctia canh A4 Khoang cach giita hai dudong thang MO va
C¢'D bang

s, 35, 05 25
A. 10 B. 5> . c. 12| D. 5
Loi giai

4]

Dung h¢ truc toa d¢ nhu hinh vé.

z
A ’
D
1
1
i
1
7/
B : C’

|‘\
(BN
[
T
1
H \
1 N Y
1
A‘.:___\_\________ ————— /

‘\\ 3 - - D

/ \\l_l -7
Re ,,—"-" S~
Bhkes >
C T

Goi O 1a giao diém cua 4C va BD Chon ¢=1.
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Cau 10:

uigeli.xyz

0(0:0:0) M| _%’“'T D‘ ]‘ < %:021|
Dé dang tinh duogc (0:0: ), Lo B fva NT
(1 1) ',,—_!._]IJF_.I_ o
U.H:l—::ﬂ::| oy —| R ].| ‘ old :I;:ﬂ:]|
Suy ra e e ' ' va -
- —
[(}H{D}_|—£_" u |
14 ,.

Khi @6

N

|[(i'1.?.c"f:u]_df" 1

|[(iﬁ.("f}]‘ :Ji' ER i:-.m_ - m_

d(OM:C'D )=

Khi d6 khoang céch :

Cho hinh lap phuong ABCD-A'B'C'D’ ¢ ¢ dai canh bang 1. Goi M- V-""C 1an Iuot 1a
trung diém ciia cac canh 4B, BC C'D' y3 DD’ Thé tich khéi t dien MVPY 13

| | 3 |
A. 12, B. 8. C. 8. D. 24.
Loi giai
Chon hé truc toa d6 OX'VZ sao cho: Pr=onior=00r4" {)_I'E D'CLo-=0'D

(10]) B(1:1:1) C(0:1:1) D(0:;0:1) A4'(1:0,0) B'(L:1:0) C'(0:1;0)

Khi do6:
Tz
DI C
A r/” =
i _____ \_\__\.t:, ________ | Y
’,D' (o4
Al oo
T
(i3] w5 {0t ool ]
M| 1—:1 —]] PO—O QOO—
Taco: ° 2 -'J, \2 , J, J
——i=11 =] =1
WV —1=i0 s gy MO -Lh—i— |
Ta co: L2 2 :,'”P( 1:0: ].]J’ L2 2

‘[.\'ii.\’fﬁ]ﬁf{}‘:H-1]—11_‘: = Vi = [ VIV 3F | 370 = £

23 G
N o

!
2
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uigeli.xyz
Cau 11: Cho hinh chop S.ABC ¢ day ABC 13 tam giac vuong can tai 4 va 4B =4 canh bén 54
vudng goc véi mat phang day va SA=a Goi D, £ F lan luot 1a diém ddi xing cua 4 qua
C,cua S qua B vacia 4 qua mit phing (SBC). Thé tich ctia khéi tr dien ADEF biang
24’ 2\3d° ’ NEY

.
A 3. B. 3 . c. 3. D. 3

Loi giai

Axyz

Chon hé truc toa do nhu hinh v€ vé1 d6 dai vecto don vi béng a | ta dugc toa do cac diém

nhu sau:

A(0;0;0) B(1:0:0) C(0:1:0) S(0:0:1) = D(0:2:0) E(2:0:=1)

2 2

s | —

(1.1 14
= H; ;:?. |
Goi 1 1a trong tAm tam giac SBC +7 7 20 Vi tam gide SBC 13 tam giac déu nén
. = AH L |SBC v oasA £y e
cling 1a tryc tdm cua tam giac SBC H L{SBC) = F la diém d6i xing voi 4 qua H
{2 A
3 .|r |_ -? ||

'..»..ll-IJ
'..;..ll [

— T
S — AF = 2:2:2 Cem e )
Ta tinh duce: P =(0:2:0) AE=(2:0:-1) A 1373 3,_|—E[-*!f.?'-f!f:}=[,—1:U:—4}
— — — 7 3 7 7
p =1 4 f.)..f!f:']_.f!f-"= Plazioz4222
Khi do: 0 o] 3 3 33

24’

Vi d6 dai vecto don vi trén truc bang @ nén ta dugc thé tich can tinh 1a 3
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Cau 12: Cho hinh chop S-ABCD ¢4 day ABCD 13 hinh vudng canh bang ¢. Canh bén 4 = ¢ vuéng
goc voi day (AB('D). Goi M 1a diém nam trén canh 5D sao cho SM =2MD Hay tinh cosin
clia goc tao boi hai mit phing (AMC) va (SBC) ?
1 NE) 2
A 2. B. 2
Loi gidi

S(0:0;a)

D(0; a;0)

B(a;0:0) Cla;a;0)

Chon hé truc toa do Oxyz sao cho diém 4 =0 , cac diém B.D.S 1an luot thudc chiéu duong

Ox, Oy, 0z

cac truc toa do . Suy ra toa do cac di€m nhu trén hinh v¢.

Do M 13 diém nim trén canh SP sao cho SM =2MD suy ra
P { 2[|l i)

AM = 0:—=1— | e A \
|73 73 ) T R
R --,_x[.z.w..ezc}_{ i .

AC =(a:a:0) '

2a ool

EREY

.u| ]

SM=25D =M | 0

‘uffz[ =) e . . .
T 58 T L [SBSC = (a0 ) = a (120:1)
___T_[- —1:2) l_.‘i'('=[_n'.'n'.'— i) '

.Taco
e (AMC) oy =(1-1:2)
Chon vecto phép tuyén ciia mat phang la ' "
Chon vec to phap tuyén ctia mit phang (SBC) 't (101 -).

cos(( AMC).(SBC))= = =

dialea

I
2

=

Khi do:
Cau 13: Cho hinh chop SABC ¢ day ABC 13 tam giac déu canh @ va d6 dai canh 54 =¢ va vuong

SBC)

goc voi (ABC). Goc gitra mat phang (SAB)VQ mat phang ( la @ Khi d6 tana bang:

|
Al B. V3. g.\/g. D. 2V2 .

Loi giai
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Gén hé toa @ P*YZ nhuy hinh vé:

e,

C —:0;0\'\ B| —:}t}| ‘“i“‘ 510
L2 )

2 9 ,

Ta co: H(O:OLO),

. I' L I_.- S &
”-'\"R'z['f”f“f!'ﬂ |~ - «J_. < ”| [fﬁ.*?.fﬂ‘ =| O :f'|

Suy ra ’
o
Ji'_\._.”_ﬂi'_.\_ c T ]
COS & = - 2 _ b
|”-. G |-|"i'-_ G || aw w . da” u'{: 1
- I - T T lane =, [— —1=4+o
4 4 4 . Véy COS" or
Cu 14: Cho ling try dimg ABCABC’ c6 day 4BC 1a tam gidc vuong tai B, 4B =a, BC=a2,
BN = =
AA = H\/E_ Trén BB’ léy dlém N sao cho \/} ' KhOéll’lg cach tur B dén mat phéng
(AC'N) bing
a\/g a\/g a\/g
A- 2 . B. a‘\/g' C. 6 . D. 3
Loi giai
Az
Al -
s
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Cau 15:

uigeli.xyz

Chon hé truc toa do nhu hinh v, khi d6 ta c6: *(*?00),

H'{.ﬂ:ﬂ:uﬁ] ‘4'1‘".: —aili—= | ACT _|:—:.' a2 : [N,r"

M3t phing (ACN)di qua A(a:0:

(AC ‘x}i[a—u} i1—”'{5::[]
trinh 1a: '\ﬁ .

Yoo [

. ) . 40
d( B (ACN))= _ao
o ' oo lo 3
T T
\"‘? i

Cho lang tru ABCD.AB'CD" ¢4 day ABCD 13 hinh chit nhat va AB=a.AD= a3 . Hinh
(ABCD

chiéu vudng goc cua diém 4 1én mit phang '

Khoang cach:

) trung véi giao diém cua AC vy B'D

. Khoang cach tir diém B dén (48D) bang
a3

A 2. B.

o

D. 6

Goi H=A'CT'"mBD vy K=ACHBD

Chon hé toa d6 OXVVZ nhu hinh vé& véi =0 B el ) e {h.lr"; = {}:
pat AH =m=0

!- [.'~,|'r_. i ![|'~..,I"_. il |

ﬂ|f!——m

S B'(ax3:0:0). D'(0:a:0 ). 4" a3 n;
- '[fsf'_

BB=AA= H|

Khi d

i)
,1

Ta co
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Cau 16:

Cau 17:

uigeli.xyz

B f]'—[—:rx.l"_ i []F B fi—i—”J_ i:m |

o RN BN 07):72 0 W
Mait khac " nén c6 vécto phap tuyen la

[b."fj-'. f£'4:| = |: amiN3am:0 | e 3y —a3=0 :
a3

d(B:(4B'D’ }}__

n (45D) c¢6 phuong trinh *

Vay
Trong khong gian 97| cho hinh chép S-ABCD ¢ day ABCD 13 hinh thoi, 4C cét BD tai
A(2:0:0) B(0:1:0) 5(0:0:22)

gbc toa do O. Bibt . Goi M 1a trung diém cta canh SC,

Mit phang (43M) cét duong thang S0 tai diém N . Tinh thé tich khdi chop S-ABMN

v 3

AV =N2, B.V =23, C. V=32, D. e .

Loi gii
AC,BD = C(-2:0:0),D{0:-1:0)

= ML
Piém M 1a trung diém cia SC - l: V2] h

(ABM) |y V2w 2J2v 132 -242 =0

Piém O 1a trung diém cua

Phuong trinh mit phang

:—'Hl'f_.f
N !
=N Iln‘_fdﬁ]

Phuong trinh dudng thing SD 13 !
Piém V 1a giao diém cia (4BM) va SD
Vay thé tich khéi chop S-ABMN 3

e L

NoABA § AW

! [ s4.58 | ﬂ‘.f‘ W2 izﬁ
|['| {1 )

[w ﬂf]u‘

Cho hinh 1ap phuong ABCDA'B'C'D' ¢4 45 dai canh bing 1. Goi M, N, P Q 1in luot 1a
trung diém ciia cac canh 4B | BC C'D' y3 DD’ Tinh thé tich khdi t dien MNPC

1 3 1
A. 12, B.

x|~ o

A C. 8, D. 24
Loi giai
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Gan hé truc toa d6 nhu hinh v& ta c6

uigeli.xyz

p C'
T el
| S
\ P
| .
A’ ! B
! - ; \
| — 1B’
| i Y
I ! ¥
| /f Il A}
[ i
Ox /
II\-\ )
Ve !
~ !
A}
: \ ' i
| s i
[ ~)
[ “ |
| '\ h Y
I A N v
] A} T
' ~ \
D I ‘\ : ~ - }
N AY
L e e e T ———
. I
A} 4 -
r vt -
Vi _
- s
- _——
A ;M B

B'(L1:1). <(0:1:1), D'{0:0:1)

ViM N P, Q 1in luot 14 trung diém cua cac canh 4B, BC C'D' vy DD’ nén:
I_f ] Y I_-' ] Y I_f ] Y I_-' ] Y
M L0 | N =l P 0l L) 00—
N A O A A N A A .
— Y e — 1 1%
MN=|——:=:0 | \MP=(-L0:1), MO =| - L:——:— |
[ a7~ | \ | .
Suy ra noe e ' “ e
— —— (1.1 1) e 1
|:1IJII'1"|1|1"'.|r :|:i :ﬁ_;| —">I:.H."(.‘.\N‘]..H{_J:—:
Suy ra e s as =.
_ Ir— —— —— I
Vo = || M .-.w*]_.wg_;n‘: o= =
Vé.y ] 0 12 )

D000 ), A(10:0), B{L10).C(0:1:0), A(1:0:1),

Cho tir dign O-ABC ¢ 04 OB OC g6i mot vuong goc voi nhau O4=a vy OB=0C=la

. Goi P 1a trung diém cua BC (minh hoa nhu hinh v&). Khoang cach giita hai duong thing

OP va AB bang:
Vi

2

Cau 18:

Z\Ea

D. O

Joa

B. 3

C. 4.
Loi gidi

A.
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Cau 19:

Ta co

bat hé truc toa Oxyz nhu hinh v&. Coi @ =1 khi d6

uigeli.xyz

Dit khéi tir dién O-ABC vao hé tryc toa do goc Oxv2 . cac didm 1 5C 1an luot thude cac truc

toa do Oz, Oy, Ox

Ta cé: 0(0;0;0) A4(0:0;1) B(0:2:0) C(E:O;O), P(];]:O)’ .f!ff:[:[‘.l:l:—]}.

3 2 2

‘[{}f‘: .QEE*] {}E‘ Jo

[oras]  *

d(OP.AB)=
Khi do: .
Cho lang try ABCAB'C ¢4 tam giac ABC déu canh bang 2¢ . Hinh chiéu vudng goc cua 4’

I::r.'}

1én mit phang (4BC) tring véi trung diém M cia BC . Biét goc tao boi 4B va mat day
bang 00°. Khoang cach tir B dén mit phéng (4BC) 1a
aﬁ 2a\ﬁ 2ax/3_9 a@
AT B. 7 . c. 13 . p. 13
Loi giai

Goc gitta 4'B va mit phing (4BC) la goc A'BM =060

2
AM = ABsin60°= 1:.'.#: a3

A'M = BM.tan60° = a3 .

A(V3:0:0) B(0:1:0)

C(0:-1;0)

uigeli.xyz Trang 14



u1gell Xyz

AJ{”:”:V@} Goiﬁ"{.\r LV, ) AB' —|: L —.—\1".?-.} 44’§=|:—ﬁ]f]i

=3 = B[—ﬁ]ﬁp

Vi A'B'= 4B nen

AC=(~f-to) | [ AC 48| = (~V3:3:-33)

e ( Et e s Mt EY _

A8 =| uﬁﬂ| | = (1-33)

Ta ¢6 ' " 1a vecto phap

tuyén ciia mp (4CB ) Phuong trinh mit phang (ACB) la: "~ Briiz-Ji=0 .

—\E— \FI'.? 030 3
= d(B.(4CB"))= | . : (4BC) 2
I+ 349 I3 Vay khoang cach tir B dén 7%/ 12 13
" v=10 ‘ (=2
Ardy=2+1 diqy=1+t'
a . A o Oxyz PR 2 ‘::—.r . ‘:=—]--" s ,
Cau 20: Trong khong gian , cho hai duong thang va : . Biét rang c6

mdt hinh hop ABCD.AB'CD thpaman 4, C cung thuoe Ox, B, C' cung thuge A va D,
B' cung thude @ . Thé tich cua khdi hop ABCDAB'CD' 13
A N2 B. 18V2 C.9. D. 18,

Loi giai
l AC L BC”
BC" L B'D
Nhan xét rang cac duong thang A, d | Ox i mot vudng goc voi nhau nén {B DL 4C

Goi / 1a tAm cua hinh binh hanh 4BCD va M 13 giao cua D'l va B'D .

I Do i I . |B'D L ac
_— — = I = —iL ¢ aF ¢ ¢ ¢ 1 L
Tace MD' BD' 2 3 Mt khic [B'D L BC' = B'D L AD" = B'D L{AD'C).

Ke MHIIAD (HedCy = M L AC gyy ra MH 13 doan vudng goc chung cia
ACB'D= MH = d(AC,B'D) = d(Ox:d )= 2

MH IM

Vi AD' TIDY 3= AD = 1\5

ke MK/ AC (KedD"y = MK L AD" gyy ra MK 13 doan vudng goc chung cua AD.BD

= MK =d(AD' B'D)=d(A:d)=2

MK DM 2 W2
vi Al i3

= Al =" AC =32
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Talai e 5C(ADC) = d(BCAC)=d(BCi(ADC V)= d(B:(AD'C))=d D AD'CY)
— d (D AD'C))=d{OnA) =2
1 - T
> Vi = 24l (D(AD'C))S . = 2 (D ADC)) = AD'AC = W2

Cho lang try tam giac déu ABCA'B'C" ¢4 canh bén bang canh day. Puong thang MN

Cau 21:
NB

(MeAC NeBC) 1a dudng vudng goc chung caa 4'C va BC" Ty sb NC' bang

J5 3 2
A2 B.2 c.3 D. .
Loi giai
Két qua bai toan s& khong thay déi néu ta xét lang try déu ABC.A'B'CY ¢4 canh bén bang canh

day bang 2.

A ol

7 A0 J3:2),
Chon hé truc toa do Oxyz nhu hinh v& (O 1a trung diém ciia BC) thi ta co: I: V3 "
B(1:0:0). C(~1:0:0). C'(=1:0:2), C4'=(L-+3:2) BE =(-2:0:2)

| CM = mCA

BN = nRBC" M |::—] b= ﬁm.‘ﬁm ﬁ N(1=2n:0:2n)

Do l nén ta co

= MN = (-m—2n+2: NER Im}

Puong thing MV 1a dudng vudng goc chung cia 4'C va BC nén:

2

‘ m=—

Ciem o . - 3
JMN.CAL =0 A 2n=—l ‘ 3 BN i NB 3
—— — e - = - _ —
|MNBC =0 7 |=m+4n =2 "3 T e 5 O NC 2
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Cau 22:

Cau 23:

uigeli.xyz
Trong khong gian véi hé toa do Oxyz , cho hinh h¢p chit nhat ABCD. ABCD co 4 trung voi

géc toa do ©. Biét réng B(m:O;O)’ D(-OZJ”:O), A (0.‘0.‘”) voi M, 113 cac sb duong va

m+n=4_Goi M 1a trung diém cua canh CC’ . Thé tich 16n nhat cia khéi tir dién BDA'M
béng

64 o 129 75
— d( M P))= z »
A. 27, B. 0 c4. D. 32,
Loi giai
z
!
A B’
Xy
noYy,
FEEEERANN
’ ! AR
Df—— < [C’
l’ : \\\‘\\
"I i \\\\ \\\\
.,: : MJL“::\ y
’ - ———— —Fe=--r-- - - T
'I ’/’ ’,f’ -_,-—' B
) ,' ‘4’:_—“"
1, a2l
o
D C
x
Ta o6 A(U;O:O)’ B(m:O:O)’ D(_O:m:O_), A'(O:O:n).
ut [
Suy ra C(m:m:0) B'(m:0:n) C'(m:mn) D'(0:mzn) ._\m'm'E,
BAT = | 0z '|
| 2

Va H:ﬁ = [:—m.' i }’ b’!' = [:—m.' I },

IO T
[fﬁﬁ H!':' = (i : ﬁ ) [fjfj. B4 :|'H'” - :!H' n

b

Ve = l [Hf_}f:’!'}?ﬁﬁ‘ = {l‘m:.n‘ = ]_|.ln'\'.[:—1— m}| = l_|m_m.[:.‘~i— AT ]i|
Ta dugc 0 4 4 o )
w4+ 8= 2m 64
= Van - :I 3 | - E
Oxyz

Trong khong gian véi hé toa do cho hinh chop tir giac déu S-ABCD ¢4 cac diém

A(1:2:0) 3(4:6:0), D(_S:S:‘O}. Goi / 1a tim hinh vuéng ABCD | Tinh khoang cich tir
duong vudng goc chung cua dudng thang 57 va BC dén duong thang 48 .
15 3 5
A 2. B. 2. C.>. D.2.
Loi giai
Vi 1 1a tam hinh vudng 4ABCD nén [ 1a trung diém cua BD

1

1Y

—:—:0 o
Ty .2 );9:0

2 2/ Suy ratoa do diém (¢ L).

/
Toadd
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Cau 24:

Cau 25:

uigeli.xyz

7 H|' ELI:;O
Goi 1 1a trung diém BC khidotoado * 2 / valH LBC (1),

Sl L(ABCD )= 51 LIH

Vi hinh chép S-4BCD 13 hinh chép déu nén Q).

Tir (1) va (2) suy ra dudng vudng goc chung ctia 57 va BC 13 dudng thang /H .

AB 5
E

Vi IH|| AB nén khoang cach tir 7/ dén 4B bing

Cho hinh ling try tam giac déu ABCAB'C" ¢4 canh day bang 1, canh bén bang 3. Goi ! 1a
1

Bl =—BB'
diém trén canh BB’ saocho 3, diém M di dong trén canh 44" Biét dién tich cua
AM .
, , . —,:ﬁ—l’[r_n'e he "“.[_[.',."1}:]}
tam giac M/C’ nho nhat khi ty s6 A4 © P=a+byy
A 4. B.3. Cc. 7. D. 5.

Loi giai

|f 2 1
,j‘ 0 | A(0:0:3).
5 |-

A(0:0:0), B(0:1:0).C |

|_:||-—~

Chon hé toa d6 Axyz sao cho:

B(0:1:3); '£_ |;m]1}

3 7

Khi d6 -

i n i M(00ix)e 440 = v =3
Goi toa d¢ diém M (0:0ix) s A0 =

Dién tich cuia tam giac MIC" |a; 2

AM _a
Do d6 S nhé nhatkhi *=2 Khidotisé A4 b

Cho hinh 1ap phuong ABCD.EFGH ¢4 canh bang 4. Goi ¢ 1a dudng thing di qua trong tAm

cta tir dién EABD | cit duong thang 4AE tai M va song song v4i mit phang (EBD). Tinh AM

A AM =1 B. AM =2 C. AM =3 D. AM =4

Loi giai

Chon hé truc toa @ nhu hinh vé&.
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Tz
E H
‘n AN
1
I N
1 ~
] : S G
[ S
I’ ! N
o >«
i ! ~
' : ‘\\
" AI ~ y
; jraiinininieiiei el el e
’.r R4 == D
’ -
I!// e
-
B C

A(0:0:0 ) B(4:0:0 ) : D04 0): £ 0:0;
Ta ¢6: ° (0:0:0): B(4:0:0):D(0:4:0): £ -H_

Goi T 1a trong tam cta ttr dién EABD suyra | (LL1)
Phuong trinh mat phéng (EBD ): 4 4 4

Puong thang ¢ cit duong thang 4E tai M suy ra M (0;0””}.

MT = (L1 1= m) va vecto phap tuyén cla mat phfmg (EBD) 1a” :(]:]:]).

Khi do,

Suy ra M (0:0:3) nén AM =3

PHAN II. Cau tric nghiém ding sai. Trong mbi y a), b), ¢), d) & mbi cau, thi sinh chon ding hoic sai.

Caul: Cho hinh chop S-4BC ¢4 dudng cao 5S4 =" va co day 1a tam giac ABC vuong tai C . Biét
rang
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sv=1Lgsp

AC=0.BC=4 Goi M 1 trung diém cia 4C va N 13 didm sao cho 3 vaduoc gin

Oxyz

vao hé truc toa do (voi A= 0) nhu hinh v€ dudi day. Xét tinh ding sai cua céc khéng

dinh sau:

@--cmmmmm—a=aoD

A(0:0:0).C(h:0:0)., B(ba:0).5(0:0:4).00 | 2:0:0 |
2) i

b) SB = (czhi—h)

MN = ﬁl\!-"]: Fda® + 1607
C) -
b) Khi 4" =2a = b th hai duong thang MV va SB vuéng goc voi nhau.
Loi giai

@ommmmmmmemo 2D

OxVZ ¢ obe O trung voi 4, tia OF tring véi tia A€, tia O7 tring

v6i tia 45 sao cho diém B nam trong goc X0y

Ta chon hé truc toa do

) — P :"."JI. )
.4[_ [].[].ﬂ}.( [_.'J.f].ﬂ}.H[_."J.[.'.l’]}.fh ( [\.I.ﬂ.fi'}..‘nfl.. E‘[]‘[\] |

a) bung: Khi do6
SB = (hrai=h)

b) Bung:
.  N(xiviz) o SN=(xyiz—
c) Sai: Goi (v:1:2) thi L h)
N o h, a -h 2h (b oa 2h
. SN — — SR r=—ly=—_, —|"i'=—_¥_=—_¥1'\|—.—.—|
Tir didu kién 37 pen 33 . 333
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M. by da Lok
Ta co

‘ nén
d) Sai: Hai duong thaing MN va SB vuéng goc v6i nhau khi va chi khi:

e = 2 I
MN.SB=0e : . '}” — 04 =207 - I
1 3 3

Cau2: Cho tir dien S-ABC co SC=CA=AB=a2 3 SCLUBC) pige 200 tam gige 4BC 1a
s A . LR A, NV ) AM=CN=t(0<t=2 L,

tam giac vuong tai 4. Cac diém M e SA, N e BC M= U=t ”}. Gan to

véi 4=0  Xét tinh dung sai cua cac khang dinh sau:

sao cho
dién vao hé truc toa do Oxyz

) A(0:0:0), B[ 0:a2:0),C(a2:0:0), 5 [ af2: 0002 )
a . -l 1= |

{

M |
b) Toa d6 diém

e Ll
i Y

0 |

2 2

a6

¢) Poan thaing MN ngin nhat bang 2

d) Khi MN ngin nhat thi MN 13 duong vudng goc chung cia BC va 54

Loi giai

uigeli.xyz
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Oxyz O=4 Ox AC Oy
a) bung: Ta chon hé truc sao cho géc toa do . Truc chira , truc chira

AB f.}:J_I{\,-fB(ﬂ] SC Oz
va truc . Khi d6 canh song song voi truc va ta co:

A(0:0:0). 8( 0:a/2:0).Cav/2:0:0). 5 [ anf2:0:a4/2 )

‘.IE 'riq:f]: F:E | ‘xl a2 — ,:E: 'r\{i.'f] |

b) bung: Ta c6

) . A - - ( 2aV 2d°  ae
MN = lein'"— Jat+ 17 )+ —+ — =3 —dat + 2a” =J3' f—— | +—=
o2 2 | 3 3

c) Sai:

¥
Lad

MN 3 3
Vay ngin nhét bang khi

MN
d) bung: Khi ngan nhat thi:

”!":.'«.E. :.'\l'r_| E'Z:w'r_ :.'\.'"_ - !in'ﬁ.n'ﬁ._n'ﬁ]
3 30033

n|_ MN = -

| MN.S4=0
|MNBC=0 3y

Ta co nén la duong vuong géc chung.

Cau 3: Cho hinh chop tir giac déu S-4BCD canh ddy @ va mit bén tao v6i day goc & . Chon hé truc

Oxz o6 O 13 tam day ABCD  tja Ox chua 4, tia OV ¢hira B , tia Oz chira . Xét tinh
dlng sai cua cac khang dinh sau:
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a2 a2 ( :w"_

i

.ﬂ nn|ﬂ0 ‘n|w— nn|nn ﬂ|ﬂﬂﬂ_mmu
a) \

SA= ””E 20 —_mnu | SB _i 0 i _mnu |
b) ! A = A

— 2 Ve f !

SC= —”\E: : %Lanu |._‘if_ :i 0;- ”J_ —_mm,r|
c) - - ’ " - '

d) Dé hai duong thing 54 L SC vudng gbée v6i nhau thi AN = V3
Loi gi{li

[ o [hf_

44 ‘nn|ﬂ0 ‘n|w— nﬂfan— ‘n|ﬂno_mm;
| i A
a) Bung: Ta co:
o |.f 2 I )
_‘H:i ”:F : 0 —_mrw | €f£=| 0 ”"F —_mm,r |
b) Dlng
— . i '
5C :! —”""F 20 —_mtm | S0 :i 0,— ””If_ _mtm |
| i L | 4 !
c¢) bung:
S4 1L SC
d) Sai: Ta co
- Cooa . (1 ) | 2
o SASC=0= - T tan‘w =0 [—! —tan-wr— 1 |: 0o fan o= 2= tane = ﬁ

By 4 "r|"r

. _ _ 5 _
Ciud:  Cho hinh chop S-4BCD ¢ dy 12 hinh chir nhat 5= 44D =a:2.54=a

(ABCD)

va 4 vudng goc
. Goi M- N 1an 1uot 12 trung diém cua AD.SC Goi ! 1a giao diém BM va AC,

Oxyz

Chon hé truc toa do nhu hinh v& dudi ddy. Xét tinh dung sai cia cac khang dinh sau:
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) S(0:01a ), A(0:0:0), B(a:0:0),C[ a:an[2:0)
a . |

FI 4. aN- n| f:”u" [,J_

|
Lo

r.|| BS(—a:0:a)
b)
. {—:.r:ﬁ::.r:[b:]

¢) Mot vecto phap tuyén ctia mit phang (54C) la
a*\2
d) Thé tich tir dién ANIB bang 18 (dvtt)
Loi gii
S(0:0:a). A(0:0:0). B(a:0:0). Ca:av[2:0)

a) bung: Chon h¢ tryc toa do nhu hinh vé:

[n"\.llr_ i :.'«J'ril a |
n[n:;(npwn n|h 13753
Khi do:
4N ( ( 2 )=
A_M_AM 1, M_lf!(‘-_x 4=s _” 0 | BAT | 0 |.H_‘§[—c.'.'ﬂ::.'}
i 1B BC 2 3 | 3 | 1 |
b) bang:
R - N Y
=[B3.54]= |1 2 a2 |
(SMB) |2 >
¢) Sai: Mt phang c6 vecto phéap tuyén
(5CA) i. =] 45.4C | = (~a*V2ia:0)
Mit phang ¢6 vecto phap tuyén
n.n, =0 (SAC).(SMB)
d) Sai: Vi nén 2 mit phang vuong goc
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Cau 5:

uigeli.xyz
A 2

. Y — . ) 1 — e — [l.",J'__ -
[z’”./ﬂ."ﬁ i|=“_m.(T.ﬂ;|.AH=[_I:I'.r].f]}~ r_:k.'.'i =I:_‘||:| AT AN i|."1.|r.‘l:" = 16 [_Il'lflr}

Ta co

Oxyz 10:3:0)

A . e A A A . ’ A , < < A ‘J . \
Trong khong gian voi hé toa do , mQt cabin cdp treo xuat phat tr diém ( va

2 A A \ ; ; ; i =(2:-2:1 re A A~
chuyén dong déu theo dudng cap co6 vecto chi phuong la ( ) voi toc do %5 mys (don
vi trén moi truc toa dg 1a mét).

" x=10+2t

‘_1':3—3 (te )

a) Phuong trinh tham sb ctia duong cap la: '~
. . > L
b) Gia str sau thoi gian !(s) ké tir lac xuat phat (I - 0) thi cabin dén diém M . Khi d6 toa do
4 1 %
.H’| 3+ 10:=3¢ + 1T'r|
diem M 1a i

=550

¢) Cabin dimg & diém B c6 hoanh do Y5 , khi 6 quang duong 4B dai 800 m.

d) Puong cap 48 tao véi mat phang (Oxy) mot goc 307,
Loi giai
".r:]D + 2t

y=3-2t (te )

a) Bng: Phuong trinh tham s6 cua dudng cap 1a: ==t

AM = vt =4 5¢ M(10+ 2m:3—2m:m)

b) bung: Ta co6 thugc duong thang ¢

AM = ( Zom— 2oz )

va ta goi

Khi do: va AM cung huéng véi vecto ¥ nén  duong

M |f3r 103 5 3..-37"]

Suy ra AM = \'Jéhn' T+ = 3|m|'—> m =1,5¢ nén
¢) Sai: Tir cAu trén suy ra M = 8« 10+ 3 =330 1= 150

Khi do: 48= 1'.f=—'1.5_.f=—'1.5_]:~ilf]=:~i]lf]mét
- 2:1)

d) Sai: Ta co i =\

b3

va mit phang (Ow) 1a2=0 néntace "~ (00 1)

. wan
Ny = |[———|=

. ]
AR
Tu do: nén ¢ #30
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PHAN III. Céu tric nghi¢m tra 1oi ngin

Cau 1:  Cho hinh chop S-ABCD ¢o gay ABCD 13 hinh vudng canh c6 canh bang @ va 54 vudng goc

(SBC) , (SCD) bing 60°.

v6i day. Khi @ =2 hiy tinh d6 dai canh S4 dé goc tao boi
Loi gidi

. 4
Chon hé toa d6 nhu hinh v&, M 13 trung diém cia SC va dgt >4 = 2m(m > 0)

il

H: M 00 |.D: -

‘ 400 |‘| 020 | A (02 00m )
¥ 2 .
Khido V2 - “'

N V2
sBey: a2
(SBC }L ' m =0, |‘ ].].”IWEJ
Ta co V22
1 ol l:' i

maf2 )

ol i i

Phuong trinh mit phang 22

((SBC).(SDC))= 007 < |cos{ i, iy, )| =

b | =

Yéu cau bai toan twong duong voi

[«

I-. i

.' |
F

[ "l_

1+1+]

L2

Cau 2: Cho hinh vuéng ABCD canh @ Trén hai tia BX, Dy vudng goc voi mit phing (4BCD)

va
il .
S o M.N BM ==:DN =2a ' '
cung chicu lan luot lay hai diém ™ **" sao cho 4 . Tinh géc ¥ giita hai mat

phéng (;‘IJ’I/LM) va ((T.f"n/f;\-").

Loi giai
Gén hé truc toa do nhu hinh v&:
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B(0:0:0).4(0:a:0).C(a:0:0).00| 0:0: 2 |, V(a:a:2a)
Ta co: : 4

_.- y S —, |'-' . ||: ‘_-'
007 =] 0ma | AR = (0:0:24) = [ AML AN | =| 207
.4”_[.0. u.IJ.AA_[_ﬂ.n.:u} *[!-” L ] | TR |

A

Ta co la mot vecto phap

e BTN I PR
Z ) . . (fIﬂ(ﬁV) X CM = | RN I |( N = |: (: [,l‘_[lu}
tuyén cua mat phang nén | )

e [ —a . |
CM,CN |=| —:2ai—a”
. [ ] L4 | o ox o (CMN)
Khi do * 1a mQt vecto phap tuyén ciia mat phang

i il

B
COSg = _ — =0=p=90"
. .
—h."-[—-n" —1[."-[—-“'
Do dé: lo Io

Cho hinh chop S-ABCD ¢4 day ABCD 13 hinh vudng c6 d6 dai dudong chéo bang a2 vy $4
(A4 SBD) . (4BCD)

B CD), Goi @ 1a gbc giira hai mat phang (
(SAC) v

vuong goc vol mat phang

Néu tane = V2 thi goc giita hai mat phiang a (SBC) bang bao nhiéu?
Loi gidi
z

S

GOI f=A4Cm J'ri.l'r).

Hinh vudng 4BCD ¢ d6 dai duong chéo bang a2 suy ra hinh vuéng d6 ¢ canh bing 4.
" (SBD)~(ABCD)= BD
‘ SI L BD — ((SBD):( ABCD))=(SI: Al ) = 5i4

AP L BD
Taco *

uigeli.xyz Trang 27



Cau 5:
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tanece = tansid =
Af

= S =a

Ta co

Chon hé truc toa &6 Oxyz nhu hinh v&. Ta ¢6 A0 00 ), Bla:00) Claa:0), 5{ 000 }.

54 = (00— ) SC = 7R :.'.'—:.'}.'_5-;'1;3; =(a:0:—a)

Khi d6

Mit phang (54€) o6 vecto phap tuyén "' = (=LLO)
x g 4 -1 = ( ﬂ

Mat phang (SBC) ¢6 vecto phap tuyén iy = (1:0:1)

"o . . . :
|' | = — = [SAC)(SBC))=00"

AR
AR

cos((SAC):(SBC)) =

Suy ra .
Cho hinh chop S-4BCDcy day la hinh thang vudng tai 4 vaB, théa man didu kién,

(AB(.D)’ SA=a _Goi M’Nlﬁn luot 1a

(S4C)

trung diém cta S5 CD Tinh cosin cia goc gita MN va . (Lam tron két qua dén hang

phan tram)

Loi giai

Chon hé truc toa do nhu hinh vé

Chon don vila @

{ 1 |'-’ 3 I
A(0:0:0), B(L0:0), C(LLE0), D{0:2:0),S(0:0:1). M| l:ﬂ:]_ | V| ]_:'_:Ii‘.l -
, ' - ; - y | = T [ T |
Co T T T
S T S—_—
WUN =002l — | = ZMN = (0:3:- 1)
L2 2 '

Vecto chi phuong cua MN la

. ; = | AC.AS |=(L—1:0)
Vecto phap tuyén cua (SAC)la ! [ ¢ ] ' ;

E

3 3 (s { o) -
5j[]|'l..1|f.1'-'.|:._?.4(.1}.'= |'| — }\E CL"S(.\JF."-. A SAC H= 0 = 0,74
Vay 94 ]-\E 10 nén
Mot phan mém mé phong van dong vién dang tip ban sing trong khong gian OXYZ  Cho bidt
=1 r=2 z-=3
T3 3 Als=19:0m+ 4)

truc ¢ clia nong sung c6 phuong trinh: ! =5 va hong tim

Hoi  bang bao nhiéu van dong vién c6 ban tring hong tam.
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Loi gidi
Dé van dong vién c6 ban tring hong tim thi truc ¢ phai di qua hong tam.

.2 s—19: S X

Ta thay diém A(S:=19:0m+ 4) vao phuong trinh truc ¢ :

x-1 -2 z-3 8-1 -19-2 6m+4-3

' . = — = - =7 = —-30= m=-0
I -3 -5 1 -3 -5

Vay = =0 thi van dong vién ban trang hong tim.

A - © TN NS LT A oo asi o A(=2:1:5 \
Oxyz , mot cabin cép treo & Ba Na Hill xuat phat tor diém ( ) va

W={0:-2:6)

Trong khong gian

v6i toc do 1a 4 m/s
(don vi trén mdi truc toa d6 1a mét). Gia sir sau O (s) ké tir lic xuét phat, cabin dén diém M .
M (a:b:c)

chuyén dong déu theo dudng cap ¢ vecto chi phuong la

Goi toa do . Tinh @ +3b +c

Phuong trinh tham s cua dudng cap la:
Do tdc do chuyén dong ciia cabin 1a 4 m/s nén d6 dai AM =4 (m) .

Vi vay sau 3 (s) ké tir lac xuét phat, cabin d&én diém M thi AM =4.5=20 (m) .

: Med = M(-21-2k5+0k)

AM(0:-2k:0k)

A% nén suy ra

Do 2 vec to Ml cung huéng & >0

AM =20 e 07+ 457 1 3047 = 20 e 4047 = 400 = k ==J10

vik=0=k=410

m(-21-210:5 1 0\10) av3bhie=-2+31-2J10)+ 5+ 6ofl0 =0
. 4, Khi d6 - ! .

Vay toa do
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Trong mot khu du lich, ngudi ta cho du khéch trai nghiém thién nhién bang cach du theo duong

truot zipline tir vi tri 4 cao 13 ™ cua thap 1 nay sang vi tri B cao 10 M cua thap 2 trong

Oxyz

khung canh tuyét dep xung quanh. V&i hé truc toa do cho trude (don vi: mét), toa do cua

. . . 177 5 A . .
A va B linluot o C:2513) 3 (2L27.500) 4 khach khi & do cao 12 mét thi toa o
cia du khach Tac do 1a 7 (

D) A B _
@0 (). Tinh gia tri biéu thirc 7 =+ b+

‘ v=3+18¢
v=25+15t (tel )
Vay phuong trinh duong thing chira duong truot zipline 1a LZ=15=3
Xac dinh toa do cua du khach khi & d0 cao 12 mét.
3
=Sc=12=15-5t=12=t==
Khi du khach khi & d6 cao 12 mét 2
‘ r=138
3 v=1015 = C(138:11,512)
r=c . ‘—:53
Thay 5 vao phuong trinh duong thang 48 ta duoc '~
Vay T=a+h+c=138+11.5+12=373

Cau Cong Vang (The Golden Gate Bridge) & M. Xét hé truc toa dd Oxyz voi O 1a bé ctia chan
cOt tru tai mit nuée, truc Oz trung véi cot tru, mat phéng (Oxy) la mat nudc va xem nhu truc
Oy cung phuong véi ciu nhu hinh v&. Day cap 4D (xem nhu 1a mot doan thing) di qua dinh
D thuoc truc 97 va diém 4 thudc mat phing Oyz , trong d6 diém D 1a dinh cot try cach mat
nuée 227 m, diém A4 cach mat nude 75 m va cach truc Oz 343 m,

Gia sir ta dung mot doan day ndi diém N trén day cap 4D va diém M trén thanh cau, biét M

cach mit nuéc 75 m va MN song song véi cot tru.
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(Nguon dnh: https://www.goldengate.org/assets/l /6/ng—exh ibit-chapter-statistics.pdf).
Tinh d6 dai MN | biét diém M cach truc OZ mot khoang bang 230 m (Két qua 1am tron dén
chir s6 thap phan thir hai sau dau phay)

Loi giai

AeOyz

.343:75
Ta co va A cach mit nuée 75m va cach truc Oz 343m— A(0:343:75)

, Y A — =343 157
biém D 1a dinh cot tru cach mit nude 227 m:} D{D. D"‘?} = AD=(0; ‘4"““}

JI=D
v =-34% (rel)

2 -— 17 S
Phuong trinh duong thang 4D 1a l— 227+ 152¢

Vi N eAD = N(0:-3431:227 +152¢)

DPiém M trén thanh cau, M cach mat nudc 75 m va cach truc 92 mot khoang bang 230 m

9 A i S -
nén toa do diém M 1a M(0:230:75)

= MN = (0:-343¢ - 230:152 4 152¢)

. 230
= MN Loy = MN/=0= 343/ -230=0=t=——
MN song song véi cot tru 343
— 171767 171706 _
= MN :| 0:0;—— | = MN = = 50,08
REYER 343
- m.

B. BAI TAP TU LUAN

Bai tap 1: Cho hinh chép S-ABCD ¢4 day 1 hinh thang vudng tai 4 va B biét 48=8C=a.AD=2a

Biét rang 4 =@ va vudng goc véi mat day

(‘4BCD). Goi M.N lan lugt 1a trung diém cua SB,CD )

(S4C)

Tinh cosin cia goc gitta MN va .

Loi giai
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V4

Chon hé truc nhu hinh vé, chon don vila ¢
LIPS I
| E ﬂ E_J‘.“‘ |-.

A{0:0:0), B(1:0:0), C(1:1:0), D( 0:2:0),5 (0:0:1): M
Co

o |
L | s

2MN = 1: 0:
Vecto chi phuong cia MN 13 '
SAC) |, ai=[.€z'('.-.éz_<.?]=[j];-].-m
a .

> |=031)

|_:-| Lad

Vecto phap tuyén cta (

3 15 IR
HJ[]“}”‘\ (SAC ”— | | ‘Jlr: cos[ MV SAC)) =

Vay NN nén

i |

Bai tap 2: Cho hinh chép S-ABCD ¢4 gay ABCD |3 hinh thang can, A0 =248 =218C= ’1( ‘D=1la,

Hai mit phing

(S4B) _, (S4D)

cing vudng géc voi mit phang ( BCD) . Goi M.N 1in lugt 1a trung

diém cua SB va CD_ Tinh cosin goc giita MN va (s4C ) , biét thé tich khdi chop S-ABCD bing bao

nhiéu?

Loi giai

:.'m,u'r_ a+ 2o :.'\E_

AD=2a: 48 = BEC —(f?'_:.'_XLH—— I .

Suy ra - 2

- _]_ Eq@u: Ef.ﬁ

Nén
Gan hinh chop vao he truc toa do nhu hinh vé duoi day:

SA= = 5d=u
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S AZ

[."Jr_ﬂ|4ﬂ [.'x;"'_ﬂ|

h[ﬂflﬂ}b’{_f]ﬂ“ 0;

Ta co '
|' o i 3 A
=2 :.-1.;"_ |:‘_||a 0 — mf_ |1”r . ”J'_';E
Y13 102
e 23y 3ad
”'\.zé T“ “-1 ’ "” w, = [-3:33:-2) 5
Vecto ‘ =~ /.Chon = ' " ciing phuong voi MN
| BK L 54 o
ok e = BEL(540)
Nhan xét ' — A
= | !
B :'—.'f].'ﬂ| -
| ACY) =(L0:0) | . DR
Vecto 2 " 1A VTPT cua (54C) nén ta chon (1:0:0) cung phuong véi BK
woon| f
Slfer = || l| = "f_ﬂ COSdr = ’1(]](]
/ TN 2 2
Goi @ 1a goc goc gitta MN va (54C) khi do | '| |

Bai tip 3: Cho hinh lang tru dimg ABCAB'C' oo AB= AC=a BAC= L0 At =a Goj M.N 13,

luot 1a trung diém ciia B'C" va CC" 86 do goc giita mit phing (4MN) va mit phang (4BC) bang
Loi giai
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Thiét 1ap hé toa do Oxyz trong khong gian nhu hinh vé, géc toa do 0 trung M .

uf u'
MB'= MC' = i va= L M(00:0), Ve () m n— 5

Dé dang tinh duogc 2 va

o,

Az )= .r!{ — -' . ) . .
slow)= 4 5 “J oy ABO) (ABC): (4B C)=(0w)

Ta co:
Suy ra mit phang (ABC) c6 mot vecto phap tuyén la k=(0:0:1)
—a ) [.'-u"'_. a |
T - H”'\ . X
) _lf,4|. j‘ﬂ‘ﬂ | . u, =(1:0:2) i‘ 2 \ f’::[[]"_ﬁ"]'
Ta co “ e / cung phuong ; * cung phuong \ :

= |:.!.'-!-..!.'::| = I: RNET ]_ﬁh
NE)
1

cos (k.| = =

Mat phang (AM ) cd mot vecto phap tuyén

cos({ AMN ). (ABC))=
Khi do:

Bai tip 4: Cho hinh chop S-ABC ¢4 day 4BC 1 tam gide vuong can tai 5-5C =¢ Canh bén 54

vudng goc voi day va S4= “\/g. Goi M 1a trung diém “C . Tinh cot goc ciia hai mit phing

(sBM)

Loi giai
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Az

Chon hé truc toa @0 nhu hinh vé
BO0)A(a:000):C{0:a:0).8 I:'u:ﬂ.u\.l"_;.'}:_‘lf: f‘—f:
Khi d6 ta co toa do cac diém nhu sau: ' \ &

o, = (00005 =] SB.ME |=(a(1:0.3 )}~

;" i Voot . "
, | S{110) |= —(VB:3)
Ta co: L2 i

', _\.._.”.-'?I \...,:.”‘ 1]

i \.‘ " \.‘

Coser J3

= COLiyr = — = —
S10er 2

|I.JL‘|5{{|=

pit goe BM) 43 (S4B) 1 o hi 46 ta co

27

siner =

Khi d6

] |

Bai tip 5: Cho hinh t&r dién £FGH ¢y EF vudng goc véi EG, EG vudng goc vaoi EH. EH vudng goc

, C = e — = 17 - 5
voi EF  Bié BF =00 EG=8a. £ =12d (voi 47 0a e R). Goi 7/ twong tmg 14 trung diém ciia hai
canh FG.FH Ty khoang cach d tir diém F dén mat phang (EU) theo 4.

Loi giai
Vi EF vuéng goc v6i £G | EG vusng goc voi EH nén EG L(EFH) . Goi K 1a trung diém

cia EF suyra IK L(EFIT) . Chon hé truc toa @6 @Y nhy hinh v&

Khi d6 ta og: K (0:0:0).7(0:0:4a), £ (3¢:0:0).7 (0:04:0).
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G

(EL7) —— L ol 4w 204 32— 12a=0

12a e 24429

d =(F.(EL))=2d (K.(EL]))=2

Vay 49410 290 29
Bai tap 6: Cho lang try dung ABCA'B'C ¢ day 1a tam giac 4BC vuéng cén tai 4, canh BC = "JE.
Goc giira mit phing (45 C) va mit phing (BC B) bang ©0°. Tinh thé tich V" cua khéi lang tru
ABCA'B'C"
Loi giai
Goi chiéu cao cua hinh lang tru la h.
Pat  hé truc  toa 40 497 phwe  hinh  vé.  Khi @ d6

A(0:0:0), B[ avf3:0:0).C( 0:a4/3:0). B[ avf3: 04

W 3
v a3 ";f1|
| 2 2 ! g,
Suyra ' 1a trung diém cua BC .
ZA
A c
Bl
________________________ Y
AN e C
M
B
e
{'”F_' il ?IIE\EID]
CAM L(BceB) L2 2 ] (ko) S
Vi AM L(BCCE) va ' " nén " ( ) la vecto phap tuyén ctia mat

ing (BCC'B')

|:.f.!.(_'. MJ"] = |: n’."i'u@.' 0 —3a b = n’i-'l- = |: i [‘.I.'—\E:.'.}

! 1a vecto phap tuyén cia (45C) :

ph
Ta cé:
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Theo gia thiét goc giita (45 C) va mat phang (BCCB ) bang 60°
(L — 1 |."i'|
cos| ., }‘ S 1 = Ja
l:' T2 2R ¢

v 3{#3\5

coshil® =
Ttc la:

Vay thé tich cta khi lang tru ABCA'B'C" 13

Bai tip 7: Cho hinh chop tir giac déu S.ABCD ¢4 tht ca cac canh bang nhau. Goi EM 13 luot 1a trung
diém cac canh BC, 4 3 0 13 goc tao boi duong thang £M va mit phing (SBD). Tinh tana
Loi giai
Chon h¢ truc toa do OXVZ a0 cho V¥ =000y =0B.02=05 Chon O4=1

e e SR _x“ "=E: P:’ .
Tacs C(10:0).A(-1:0:0) = ($BD) o AC =(2:0:0) 13 mot vecto phip tuyén.

| S(0:0:1) wl_Lo ] |
= o Y |
- - e Y
Tip SA=AB=042 =2 = so=\Jsa# —oa =1 [4(-L00) 1 22
jC(Lo0) :
| e = E| S50 | = EM .m-::'l.-l;—l|
.| B(0:1:0) 272 . N :
Ta co ' nhéan = =/ la mot vecto chi phuong.
MEAC 5
sjn[f;'.‘.f:['_‘ifﬁfj}}:sjmx:| _ |: — :£
' : MEAC {1 S 1 3
EEREIE
ﬂl 1} I ﬂl 1]
Suy ra: L

1
= COS¢r = T = tan = «f2
2

Bai tip 8: Cho hinh 1ap phuong ABCD - A'B'C'D" ¢4 canh bang 4.

Goi K 1a trung diém cua DD’
Khoang cach giita hai duong thing €K va A'D bang bao nhiéu?

Loi giai
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z
> -

A 5 B,
Ke..
5 T2 I (R 4
A‘ B
X
. : N 1]
D{0:0:0), 4°(1:0:1), K 0:0: — |
- 1A n - : | o C(o:1;0
Chon @ =1 ta c6 hé truc toa 4o %7 sao cho \ 2 va ( )

DA = (L0:1):CK | 0:—1: 1_ "| DK | ﬂ;n:é |

Ta co =/ va
[DA4:CK )= 121 | [ DA:CR | DK = -
Khi d6 voe .
1 1
o B 5 I
d(A'D:CK )= = ==
N R
\/]-l—;J t(=1) J p
Do do: v S

Bai tap 9: Cho hinh chop S-4BCD 6 day ABCD 1 hinh chit nhat, biét ring 45 = @ BC=a\3. S4=a

va S4 vudng goc véi day ABCD  Hay tinh sin @, véi @ 1a goc tao boi gitra duong thing BD va mat

phfmg (SBC).

Loi giai
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Oxyz
bat hé truc toa  d0 nhu  hinh v€& Khi d6, ta co:

A(0:0:0). B(a:0:0). D[ 0:a/3:0).5(0:0:)

BD= I::_”:“ﬁ: f].}: [fi:—]:ﬁ:[]} 0= |::—]; -,JI"F__,'(].}

BD
nén duong thang c6 vecto chi phuong 1a

SB = (a:0:=a). BC = (0:av3:0) = [ $B.8C | = (@' VE: 000 3 | = a3 (L0:1)

Ta co:
(SBC) i = (1:0:1)
Nhu vy, mat phing ¢6 vecto phap tuyén 1a
a BD (SBC)
Do d6, la goc tao boi giita dudng thang va miat phang thi

siner =

|u'_.lr| B |[:—]}.] - y'l'_?._[] - []_]|
|.!."H.lr'| ‘j[:_]}: NN aT:

Bai tap 10: Cho hinh chép S-4BCD ¢4 day ABCD 13 hinh vudng canh ¢ . Canh bén S4 vuong goc voi
day. Goc gitra SC va mat day bang 45°. Goi £ 1a trung diém BC . Tinh khoang cach giita hai dudng
thang DE va SC |
Loi giai
Ta co6 thé dua ra cac cach gidi nhu sau:

. T Y -
Do SAC 14 tam gide vuong ¢6 goc SCA=45 nen 54=AC= aN2.5C=2a.S8=5D=a\3

zZ

N
@—mmmmmmmmmm oo TS

¥ia

Oxyz

Ox, Oy, 0z

AB.AD.AS

Chon hé truc toa do sao cho tia lan luot tring véi cac tia
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N [:ﬂ.‘ a:0). f'.': il :—f.' 0 |([ aa0).§ [.ﬂjﬂ.' uJZ_p
Khi d6 toa do diém cac diém la oL -

DE = : - %:ﬂ | SC = ['—u:—u: uﬁ'}. DC = (a:0:0)
Do do: ’ =

E R A T BT Ll R NP

-

[Gisc]

Suy ra t
Bai tap 11: Cho hinh chop S-ABCD ¢4 day ABCD 13 hinh vudng canh bang 10. Canh bén 54 vudng

gbc v6i mat phing (ABCD) va 5S¢ = IOVE’. Goi M.N1an luot 13 trung diém cia S4 va CD | Tinh
khoang cach @ gitta BD va MN

Loi giai

SAC  SA=+SC - 4C” =J500-200 = 1043

Xét tam giac vudng co:
Chon hé truc toa @ nhu hinh vé
A(0:0:0). 01 0:0:5¢3 ). B{10:0:0), D{0:10:0).C{10:0:0), ¥( 5:10:0)
Ta co
A = (510053 ) = ) = (1243
BD=(-10100)=u, =(-L1LE0) =d | MN . BED)= — =
' - ' A
[u',':u_:}: [sﬁ ﬁ:?}..‘;"f_ﬁ: (—5:0:0)

%

ABCD.ABCD

Bai tip 12: Cho lang try tr giac déu ' canh d4y bang 1 va chiéu cao bang ¥. Tim X dé

goc tao boi duong thing BD yy (8D.C) dat gia tri 16n nhét.
Loi gidi
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ZA
B C.
A : p|
i I,’::’/ X
1%/”;” Cl /
’,‘:::‘ """""""""
4 il s
A D
Oxyz 0=D.C Ox, 4, Oy,D Oz
Chon hé truc toa do sao cho thudc tia thudc tia thuodc tia
(nhu hinh v¢).
D000}, B (L0 D00 ), 1:00r)
Khi do
(BD,C) i= [fﬁ;?{. f:?l;(_‘] = (xi—x;—1)
Mit phang nhén vécto 1a vécto phéap tuyén
BD i=(L1-x)

Puong thing nhan vécto 1a vécto chi phuong.

@ BD (BDC)
Goi  la gbc gilra va , suy ra:
sing = e o - (x> 0)

! v‘r..'.-: I [_..I-_]: I ]-\]Ir]\ } ].‘I 1 _I_: Jlllj - ]H'l - 1’
3 I a 1 . 1 |

| 2 i . B - 3

x=1 7 < sing e x=|
Déu ding thire xay ra khi va goc  16n nhat 16n nhét
B.D (B]D]C) x=1

Vay goc tao boi duong thang va dat gia trji 16n nhat khi

Bai tap 13: Mot ki su xdy dung thiét ké khung mot ngdi nha trong khong gian Oxyz

nhd mot phan mém d6 hoa may tinh.

nhu hinh dudi day
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. N(0;2;6)
D(0;0;4) SETICEEEERE I
' 6;2;6)
(6;0;4) :
I y
,’// 0(0;0;0) C(0;4;0)
A(6;0;0) 4
X
a) Viét phuong trinh mit phang mai nha (DEMN) '
(DEMN)

b) Tinh khoang cach tir diém B dén mai nha
Loi giai

, MN Ve — (6 ) W — (Y
a) Mat phang (DEMN) co cap vecto chi phuong la DE = (0:0:0). DV =(0:2:2 }

ji = —:—E[S'E.b'.i-‘} =(0:1:-1)

nén suy ra ( ¢6 vecto phap tuyén la:

Phuong trinh cia mét phing (DEM‘N ) la: v—z+4=0

| (B.(DEMN))= —— Hf 4 : :%:4,‘5
b Diém 540 Lo quyrad JO P =1 2

Bai tap 14: Ngudi ta mudn dung mot cot dngten trén mot sudon doi. Angten duge dung thang dtng trong

OxyZ y6i d6 dai don vi trén mdi truc bang 1m. Goi O 1a gbc cot, 4 1a diém budc day cap

M,N

khong gian

vao cot angten va 1a hai diém neo day cap xuong mat suon doi (hinh ve).

Q0020 ), A(000), M 1—41} N(-5

[_:l
()
—

Cho biét toa do cac diém ndi trén 1an luot 1a
a) Tinh d¢ dai cac doan day cap MA va N4

b) Tinh gdc tao badi cac soi day cap MANA 6 mit phang suon doi.
Loi giai
MA =(-3:4:3), NA = (5:2:4) Ma= \[(3) 14 3 = F=58m
a) Ta co suy ra

Khi do
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OMN)

: i M = (3-43).ON =[-5-2:2
b) Mat phéng( OM =(3:-43).0N =(-5

c6 cap vecto chi phuong Ia : : "7 nén co

i =[OM.ON | =(-2-21:-20)
vecto phap tuyén ' .

Goi % 1an luot 1a gdc tao boi MANA | o mit phing (“IMV)

sine = |1IM ”| |_1EJ} (=213 q':"}| __1s0 sy
Ta cé: |‘”||”| JOE3Y o4 w2y 21y s (-20) VST
Khi do: |“ '1H”| 54274 4:.J(—2}' C(=21) 4 (-20) J50445

Bai tap 15: Mgt khuén nudéng banh mi dugc mo6 phong trong khong gian OXVZ ghu hinh minh hoa dudi
N Y RO 157

diy véi S00:0), P(8:0:0), QS 18:0), T(=L=0LT) R(9:19:7

canh bén va mat ddy, gitra mat bén va mat day cua khuon.

}. Tinh goc giita hai canh ké nhau, giita

Loi gidi
a) Tinh goc gitra hai cannh ké nhau: 5P =(8:0:0): SH =(0:18:0): ST =(~1:-1:7)

SP.SH = 0= (SP:SH |= 907

Ta co:

R |_§ﬁ__*;'?| ) L o

ng_:;r.:sr}_m_ﬁ:ﬁﬂﬂr}m_
|‘§H €T| _ _

cos (SH.sT)= 11 :»[Sh’..‘ii"}zﬂ“
Fih’||‘§i"| '

b) Tinh goc giira canh bén va mit day. Goi ¢ 1a goc giita canh bén ST va mat phing day.

Khi do:

c¢) Tinh goc gitta mat bén va mat day. Goi B a goc giita mat bén va mit phang day.

ji = [ST.SP | = (0:50:8) = cos 1= ;=T = =820
Khi do: ]
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