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CHUYEN PE CUC TRI TRONG KHONG GIAN OXYZ

I. H¢ thong kién thitc lién quan.

Mé dau vé hinh hoc giai tich trong khong gian
1. Hé toa d6 Pé-cac vudng goc trong khong gian:
Cho ba truc Ox, Oy, Oz vuong goc véi nhau tung do6i mot va chung mot diém géc 0. Goi

i .k la cac vecto don vi, tuong ung trén cac truc Ox, Oy, Oz. H¢ ba truc nhu vay goi la hé
toa d§ Pécac vuong goc Oxyz hodc don gian l1a hé toa do Oxyz.

2 =2 22 i
ChLZ ': I —_] _k _1 Vé. I.j:I.k:k._/:O.

2. Toa do cua vecto:

L}

a) Dinh nghia: u:(X;y;Z)CHJ:X’JFYJ+Zk

a=(a:a-a) b=(b:b- %(0:0:1
b) Tinh chét: Cho a=(8:a,8,), b=(Bib,b). keR ( / ./
°aib: (aliq;azibz;%ig) l/__ﬁ,// }[0;1;0]
ka=(ka; kaykay) T lk e
|~
Lo a=h . /i(oD)
a=bsqa,=b
a =b,

o 0=(0;0;0), 7 =(1;0;0), j =(0;1,0), k = (0;0;1)

- —

° é cilng phu’O’ng b(b?’—‘O) a=Kki (kE R)

a = kiy
ola=kb, =2-2_% (5 b, b=0)
3, = kb, b b b
,ab=a.h+a,b,+a.b, ,alb e abh+ab+ab =0
—g+d+a Ja=ya+a+a
cos(a, b) = ab—— 4k +ab +ah,

] NERE Jq+% %J& by + b Wm'# 9)

3. Toa d6 cta diém:

a) Dinh nghia: M(x y, 2) = OM = (xy.2) (x : hoanh do, y : tung do, z : cao do)
Chu y: oM e (Oxy) <z=0,M e (Oyz) &x=0;M € (0Oxz) <y =10
eMecOxeoy=z2=00MecOyeox=z=0McOzx=y=0

b) Tinh chit: Cho %4+ Yai Za)- BXg: i Z5)

. TB=(XB—XA;yB—yA;ZB—ZA) . AB = \/(XB_XA)2+(yB_yA)2+(ZB_ZA)2

MF%4%IM_@EQ_@ﬂ
e Toa d0 diém M chia doan AB theo ti sb & (k#1): -k -k -k
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M (
e Toa d6 trung diém M cua doan thang AB: 2 2 2
e Toa do trong tam G cua tam giac ABC:

G[XA+XB+XC YatYetVc .ZA+ZB+ZCJ

XatXg YatYs .ZA+ZB]

’ ’

3 3 3
e Toa d¢ trong tam G cua t dién ABCD:

G(XA+XB+XC+XD_yA+yB+yC+yD_ZA+ZB+ZC+ZCJ

’ ’

4 4 4
Tich c6 hudng cua hai vecto:

a) Binh nghia: Cho @ =@, a2'a3 =(h. b, bS
12,6} =21 b- [Zz NEN 2 A ZZ] (a0, -abyiaf -ahiab, -ah)

Chii y: Tich ¢6 hwéng ciia hai vecto la mét vecto, tich vé hiedng ciia hai vecto la mot sé.
b) Tinh chat:

Jil=k o [0k=T; [kT]=] Jablla [abllb

. [a:b] =lal. /8 sin(a,B) 8D ing phuong < 18, D1=0

¢) Ung dung cua tich c6 hudng:

-ab va € d6ng phing < [a bl.c=0

S aBCD = ‘[TBE]‘

e Diéu kién dong phang ciia ba vecto:

e Dién tich hinh binh hanh ABCD:

1 -
Ss =—‘[AB, AC]‘
e Dién tich tam gidc ABC: AABC 9

2 ’ V R — [AB, IAD].IAIAI
e Thé tich khéi hp ABCD.A'B'C'D”: ABCDA'B'C'D
1 _—
., Ve = —‘[AB, AC1.AD

o Thé tich tir dién ABCD: ABCD ¢

. D
i
A D C A C
B C B B B
Chil y:

— Tich vé huéng cia hai vecto thwong sir dung dé chimg minh hai vecto vuéng goc, tinh
géc giita hai dwong thang.

— Tich ¢6 hwéng ciia hai vecto thuong si dung dé tinh dién tich tam gidc; tinh thé tich khoi
tir dién, khoi hop; chitng minh cdc vecto dong phang — khéng dong phang, chirng minh cdc
vecto cung phuong.

albsab=0
a vad cuag phééng< [a,b]=0
a, b, ¢ foag phatg < [a,b].c=0

Phuong trinh mit cau:
e Phuong trinh mat cau (S) tdm I(a, b; ¢), ban kinh R:

(x—a)? +(y—b)* +(z—c)* =R?
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e Phuong trinh X 4y + 2 +2ax+2by+2cz+d=0 voi @+ +C —d>0 la phwong trinh

2 2
mdt cau tam I(-a, —b; —¢) ban kinh R = \/a +B 4 - d
Phwong trinh méat phang
1. Vecto phép tuyén — Cap vecto chi phuong ctia mit phang

e Vecto "#0 13 VTPT cua (o) néu gia cla n vudng goc voi (o).

o Hai vecto &P khéng cung phuong 1a cip VTCP cia (o) néu cac gia caa chung song song
hodc ndm trén (o).
Chiiy: e Néu M la mét VIPT ciia (o) thi KN (k # 0) cing la VTPT ciia ().
ONefu a,b 15 mot cap VICP ciia (o) thi n=[a,p] la mét VTPT cua (a).
2. Phuong trinh tong quat cia mit phang
Ax+By+Cz+D =0 VOilIA*> + B*> +C? >0

e Néu (o) c6 phuong trinh Ax+By+Cz+D =0 y; n= (A:B;C) la mot VTPT cua ().

e Phuong trinh mét phang di qua My (%% %) va co mot VTPT n=(ABC) 5.
A(x—x,))+B(y—y,)+C(z-2)=0
3. Céc truong hop riéng

Céc hé s6 Phuong trinh mét phang (o) Tinh chit mat phang (o)
D=0 Ax+By+Cz=0 (o) di qua gdc toa d6 O
A=0 By+Cz+D=0 (o) // Ox hodc (o) © Ox
B=0 Ax+Cz+D =0 (a) // Oy hoac (a) o Oy
C=0 Ax+By+D=0 (o) // Oz hoac (o) © Oz
A=B=0 Cz+D=0 () // (Oxy) hoac (a) = (Oxy)
A=C=0 By+D=0 (o) // (Oxz) hoac (o) = (Oxz)
B=C=0 Ax+D=0 (a) // (Oyz) hodc (a) = (Oyz)
Chu y: e Néu trong phiong trinh cia (@) khéng chira dn ndo thi (o) song song hodc chira
truc tuong ung.
X Y,z
e Phuicong trinh mdt phdng theo doan chdn: a b c

(o) cdt cdc truc toq do tai cdc diém (a; 0;0), (0; b, 0), (0, 0, c)

4. Vi tri twong d6i ciia hai mit phing
(a): Ax+By+Cz+D, =0

Ax+B,y+C,z+D, =0

Cho hai mit phang (o), (B) ¢6 phuong trinh:

(B):
O(a),(,B)ccftnhau@A‘:Bl:CliAZ:BQ:C2
A5 6.0 A_B_G_ D
0(a)//(ﬁ)©A2 B, ¢ b .(a)g(ﬁ)@Az B, » Db,

() L(B) o AA +BB,+CC,=0
5. Khoang cach tir diém Mo(xo, yo; zo) dén mit phang (a): Ax + By + Cz+ D =0
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‘Ax0 + By, +C4)+D‘
d M, ()=
( ’ ) VA? +B? +C?

Phuong trinh dwong thing
1. Phuong trinh tham s6 ctia duong thang

e Phuong trinh tham s cia duong thing d di qua diém My 0%:%:%) va co6 VTCP

a=(a;a,a).
X=X, +at
(d):qy=y,+at (teR)
z=z +at
(d): X=X _ Y=Y _ -4
o Néu %% 0 thi 4 % % dgl phirong trinh chinh tic cia d.

2. Vi tri twong d6i giita hai duong thang
Cho hai duong thang d, d’ c6 phuong trinh tham s 1an luot 1a:

X=X+t X=X, +tg
d:qy=y,+ta d:y=y,+ta
z=2 +1a, v z=2z +ta,
a,d cuag phdéng
Xt =x+tq
3y, +ta, =Y, +ta, (ad tt') vodghiein
ed//d’ Hria=5tte
{a & cuag phédng {a,a’ cuag phoéng {[a,a’]:o
2 MOzl ed _ |aM,M; khodg cuag phoong _ [8,M,M; |0
X+ =Xty
3y, +ta, =y, +ta, (aat,t') covodoanghiein
ey o |BrB=Z4ta
{a,é‘/cmgphééng
- My(x): Yy %) ed -, @a,M,M; roé o cuag phiong

o [aal=[a MM |-
X+t =X+t
Y, +ta, =y, +ta
, = ta, .
od d’cat nhau << hé 5+ 26+ % (ant, t') co dung mot nghiém

{a.a’ khoég cuag phédng {[a,a’] #0

a,a,M,M; foag phadg _ |[a.d].M,M; =0
a,a khoag cuag phoong
X +tg =X +tgq
3y, +ta, =Y, +td, (aé tt') vodghiedn
7 +lay =7 +ta

od d’'chéo nhau <
-, 8d,M,M; khodg fioag phatig _ [a,&].M M =0

od | d <_—>3J_3’ 93.3'20
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Vi tri tuong do1 gitta mgt duong thang va mot mat phang
X=X +1g
y=y,+t,

): Ax+By+Cz+D=0 va dudng thang d: 2=+,

Xét phirong trinh: Alx, +ta)+B(y, +ta,)+C(z +ta,)+D =0
e d//() < (*)vonghiém
o dcit(a) < (%) cé ding mot nghiém
e dc () < (%) co v so nghiém ‘
Vi tri tuong doi gitra mot duong thang va mot mat cau

X=X, +1q

Y=yt wz

, zZ= . PRy M2 (> A2 2

Cho duong thing d: \“~ 27 B (1) vamat chu (5): (X—@ +(y=b) +(z-0* =R*
bé xét VITD cua d va (S) ta thay (1) vao (2), dugc mot phuong trinh (*).

Cho mit phang (o
(4n 1) (*)

e dva (S) khéng cé diém chung < (*) vé nghiém <d d) >R
e d tiép xiic véi (S) < (*) ¢6 ding mot nghiém &dl d) =R
e d cdt (S) tai hai diém phdn biét < (*) ¢6 hai nghiém phdn biét &d(l, d) <R

Khoang cach tir mot diém dén mot dudng thang (chwong trinh ndng cao)
Cho duong thang d di qua M, va c6 VTCP a va didm M.

[M,M.2]
lal

Khoang cach gitra hai duong thang chéo nhau (chwong trinh ning cao)
Cho hai duong thang chéo nhau d; va d..

d(M,d) =

d, di qua diém M, va c6 VTCP 31, d, di qua diém M, va c6 VTCP 3

[a]mM,
d(d]d) =
112 [al’azi”

Chii y: Khodng cdch gitra hai dwong thang chéo nhau d,, d, bang khodng cdch giita d, véi mdt
phang (o) chiva d, va song song Vi d,.

Khoéng cach gitta mot duong thing va mot mat phang song song

Khodng cdch giita dwong thang d véi mdt phang (o) song song véi né bang khodng cdch tir
mét diém M bdt ki trén d dén mdt phang (o).

Goc giira hai duong thang

Cho hai dwong thang d,, d> lan lwot c6 cac VTCP 83

Géc giita d, d, bang hodc bii véi géc gitta 31,32‘

a
0s(g,a, )= —‘:1‘ ‘;2“
Goc gitta mot dudng thang va mot mit phang

Cho dwong thang d ¢6 VICP a=(@;a;a) va mdt phang (a) cé6 VTPT n=(ABC)

Géc gitka dwong thang d va mdt phang (o) bang géc gitka dwong thang d véi hinh chiéu d’ cia
no trén (o).

sin(ﬂ(a)): ‘Aa1 +Ba2+Ca3‘

\/A2+BZ+C2 \/alz +a§+a3Z

II. Cac dang bai cau thwong gap
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pé giai nhanh bai toan cyec tri trong hinh hoc toa do Oxyz , ching ta can tim duoc vi tri dic biét
cua nghiém hinh dé cuc tri (s6 do goc, khoang cach, do dai) xay ra. Khi biét vi tri dac biét do, viéc
tinh toan chi con vai dong don gian 1a ra két qua. Sau day 1a céac bai toan cuc tri thuong géap, ban
chat hinh hoc cta né va cong thirc giai nhanh cac bai toan do.

Dang 1: Viét phwong trinh mit phang
Bai toan 1. Viét phuong trinh mat phang di qua diém A va cach diém M (khac A ) mot khoang
16n nhat.

P)

P . P . . .
( ) chinh 1a MH | Mait phing ( ) di qua diém A va cach gbc toa @0 M mot khoang 16n nhét

khi H ¢ A hayMAA(P).

Goi y: Goi H 14 hinh chiéu cia M 1én mit phing . Suy ra khoang cach tir M dén mit phang

u (e =N P
Suy ra vecto phap tuyén cta mit phing can tim la N =AM |

A(10- 2)

va cach diém

M (211 ot

Vi du 1: Diém nao sau ddy thudc mit phing di qua diém
khoang 16n nhat?

(13
Goiy: Chon A

021) 12- 1) o (12-1)

p. | c.|

L

. L n=AMI|1L- 3 ,
Vecto phap tuyén cua mat phang can tim la (l . ) . Do d6 phuong trinh mat phang

Ux- 1) +1fy- 0)- 3(z+2) =00 x+y- 32- 7=0

cn tim 1a
Bai toan 2: Viét phuong trinh mit phang di qua mot duong thang d va cach mot diém M1 d
mot khodng 16n nhét.

Goiy:
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Goi hinh chiéu vuéng goc cia M trén mat phéng cin tim va d 1an luot 1a H.K . Ta c¢6 khoang
cach tr M dén mat phang 1a doan MH £ MK . Vay MH 16n nhét khi va chikhi H trung K
hay mit phang thoa man diéu kién bai toan phai chira dva vudng goc voi mit phang chira M va

u . . LI~
o . n= %?:AM ﬁuﬂL - n
d . Mt phing can tim ¢6 vecto phéap tuyén la L Trong d6 Al d ya™d 13 vecto
chi phuong cua d.
x-1 vy _ z+2

d =7 =
Vi du 2: Biét phuong trinh mit phang chira duong thang 2 1 -1 vacach diém
M(211) mét khodng 16n nhit1a X T +Z+d =0 G i chaa+b+c- d ping
A.0 B. 10 c.-1 D. 2
Goiy: Chon A
w e U gooun, u [ )
g =(21-1) Alte-2id - n =gl AMgu n=16618
Taco “ [Z:L ), [l ) .SuyraAM(1'13).Véy d d .

(x- V) +y+3(z+2)=00 x+y+Z+5=0

M(1- 27

Vay phuong trinh mat phang can tim 1a

Vi du 3: Viét phuong trinh mit phing di qua diém , song song voi duong thiang

2 2 1 va cach géc toa do mot khoang 16n nhat.
Al 1Ix + 16y +10z +11 =0 B. 11x- 16y - 10z- 33=0
C.llx— 16y +107- 53=0 D.2x+2}’+z+l={]
Goi y: Chon C.
u u_ul;l iy
= gl OA
n . Huﬂl'_:

1a vecto phap tuyén ctua mit phang can tim.

11x- 16/ +10z- 53=0

. . \P . .
Vi du 4: Diém nao sau day thudc mat phang ( ) di qua goc toa dg, vuong gdc voi mat phang

Q
ME—;O;ZE
2 g

Phuong trinh mit phang can tim la:

@):2¢- y+z-1=0

va cach diém mdt khodng 16n nhat.

G3-1 11 21 121
N N N
Goi y: Chon A. Ban chit mit phing can tim van di qua dudng thing ¢ dinh qua O va vuéng goc
u . LLLT - LLHI-

N n=gomn el 339

voi . Nén mat phang can tim c6 vecto phap tuyén la ' ' .
. \P RV =
Phuong trinh mat phang ( ) Xy 3z EI.
. . . MIL2- 2 ,
Vidu 5: SO gia tri cia @ dé khoang cach tir diem (1' % ) dén mat phang
Pl:1- a]x +|2- J|ly+az+1-a=0 .

P):(1- b vl2- 3l

Al B.2 C3 D. 4
Goi y: Chon A.
Ta c6 thé ap dung cong thie tinh khoang cach truc tiép hodc theo cach sau déy.
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X+2y+1=0

-X-3y+z-1=0
c6 vecto chi phuong 1a

Mit phang dé cho chtra dudng thang c¢6 dinh 1a
L

- L- ) . Al- 100 . ,
Yo (2 L l) va di qua diém ( ! ) . Suy ra khoang cach tr M dén mat phing da cho 16n
am u,mI:l Wy
n.. =i AM gu
(e E H .Jt

nhat khi va chi khi . Tir d6 tim dugc @ = 2.

P)

khong song song vdi @) mot goc 16n nhat.
Goiy:

Bai toan 3: Viét phuong trinh mit phang chtra dudng thang d, tao v6i duong thang d' (d'

Lay K 1a diém thuoc d,ve duong thang Kt/ /dl. Lay diém M1 Kt (M 'K ) va goi H,I lan
luot 12 hinh chiéu vudng goc cia M trén ( ) vad.
MH Mi

sin(d’(P)) =cosKMH = —— £ —
Khi d6 KM KM

. . |\P . P
Vay goc gitra duong thang d va mat phang ( ) 16n nhat khi va chikhi H © I | hay ( ) la mat

P)

phéng chira d va song song voi d'. Vecto phap tuyén cua miat phing
u . N

L -

4L

n= U
B

1a mit phing chira @ va vuéng goc voi mat

P)

o
phang nhan /M 1am vecto phap tuyén, hay

can tim 1a

x-1_y+1l_z-2

, . (P d
Vi du 6: Vict phuong trinh mat phéng( )chl’Ia 2 1 2 vatao véi dudng
g.-Xxtf1_y_z-1
thang 1 2 1 mot goc 16n nhét.
AL X- dy +z- 7=0 B.Ex—y+z=i}
c. X- dy-z- 3=0 D.Ex+2}=+z=ﬂ
Goiy: Chon A.
u gu un ., Wiy, { )
p Al1- 12 Con=dauguu=1- 312- 3
Ta cc')( )di qua (l L )Vé co vecto phap tuyén H a .

Suy ra phuong trinh (P) la: [X_ l)_ 4[}’+l)+[z- E)ZDD X- dy+z- ?=ﬂ.
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Vi du 7: Viét phuong trinh mat phing di qua goc toa d6 va vudng goéc voi mat phang

{P):EK-H-" z ={]Ve‘1tao Vi truc Oy mot goc 16n nhit.
A X-Y+E=0 B Xty+¥=0
c. - %-2z=0 p. X~ y+z=0
Goiy: Chon C.

Ban chat bai toan van khong thay d6i, mat phiang can tim c¢6 vecto phap tuyén 1a
L .

é?_m rDLuuu [ )
n=d . fan, u=\- 251 i
A H v d véi 1 13 vecto don vi cﬁatruc Oy).

Vay phuong trinh mat phang can tim la: K- Y- z=
Vi du 8: Biét phuong trinh miat phang di qua gdc toa d9, song song v6i duong thang
x-1 y =z-2
di—==3=—5 . (P)ix+Y-z+1=0
va tao v61 mat phang
KX+ +Z=0 Gigyjcma@+b+ciy
A.22 B. 12 C.15 D. 17
Goi y: Chon A.
Ban chét bai toan van 14 tim phuong trinh mit phing chira dudng thing @ (qua O va song song

P
v6i ) va tao v6i duong thing P vudng goc voi mat phing ( )
AU L,

Ll
) L n= %r N Hu H—(EE? l?)
Vay vecto phap tuyén ciia mat phang can tim Ia:
12x+27y- 171z=0

Al12- 1):8(213)

mot goc nho nhat 1a

mot goc 16n nhat.

Nén phuong trinh mat phing can tim 1a

Vi du 9: Cho mit phang di qua hai diém va tao voi truc OX mot goc 16n
u
. . ni\a, Lc cr N
nhat ¢ mot vecto phap tuyén 1a ( L ) . Gia tri @ 7€ bang
A. 13 B. 12 C.15 D. 14
Goi y: Chon A.

Mit phang can tim di qua hai diém
trude.

AB cling 14 mit phing chira dwong thing AB ¢6 dinh cho

TRV BT TR
n =§J§:fﬁABé=[H:l— 4} o

Vay vecto phap tuyén ciia mat phang can tim 1a véi | 1a vecto

don vi cua truc OX.

Dang 2: Viét phuwong trinh duong thing
Bai toan 4: Viét phuong trinh dudng thang d di qua mot diém A cho trude va nim trong mit

(P)

phang cho truéc va cach mot diém M cho truée mot khoang nho nhat (AM khong vuong
P

gbc voi ( )).

Goiy:
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(P)Véd.

Goi H va K 1an luot 13 hinh chiéu vuéng goc cia M trén

d|M;d) =MK 3 MH .
(M:d) . Khoang cach nay nho nhét khi va chi khi H ¢ K . Hay d 1a

P)

i L o
7 . u, = %I:TAM ﬁﬂ':c-.u
Vecto chi phuong cua dudng thing d cén tim 1a - Y

D@ thay

duong thing di qua A va hinh chiéu H cia M trén

. . . . Pli2x- y+z=0
Vi du 10: Cho duong thing d di qua gdc toa @6 O , ndm trong mit phing [ ) 4
i

, 21 . . u.laps
va cach diém (l ) mot khoang nho nhat. Biét d( ) la mdt vecto chi phuong ctia d. Gia
tri 22- b bang

A. 21 B. 12 C.- 5 D.- 3

Goi y: Chon C.
ULAT « UL~

LKl .
u, = %:’:,OM ﬁn:p é: (4,13 5)

Ta c6 vecto chi phuong ctia duong thang can tim 1a

X _ v _Z
Vay phuong trinh dudng thang can tim 1a 4 13 5,
: N o AL23)
Vi du 11: Cho duong thing d di qua diém , vuong goc voi duong thang
D% +1 y z-3 NY
2 _5_ 4 L, £ A~ O ma ) » 1 & A U,.:(l;ﬂf.'} A
va cach goc toa d0 Y mot khoang nho nhat. Biét * la moét

vecto chi phuong cua d. Gia tri cia b+c bang
A.0 B. 1 c.-1 D. 2
Goi y: Chon C.
Bén chit d van la duong thing di qua A va ndm trong mit phang ¢ dinh (qua A va vudng goc

L . LLLl- LM~
u, = %:I.OA ﬁun §= - 330

(P):2x- y- z+1=0

a

v6i D). Nén vecto chi phuong van 1a

Vi du 12: Cho duong thing d di qua O va song song véi mit phing
M(1- 12) u, = (Lbc)

cach diem
Gid tri cia P +C bing

mot khoang nho nhat. Biét 1a mdt vecto chi phuong cia d.

N

A. 0 B. c.-1 D. 2
Goi y: Chon D.
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Ban chat d vin la duong thing di qua O va ndm trong mit phing ¢ dinh (qua O va song song
. LLAT - LAAN -

u, =g . OM un.c.u=[4:— 513
voi (P)). Nén vecto chi phuong van 1a: ’ §uu H " a )

(a:b)

Vi du 13: Cho cip s6 nguyén duong
Ix=1+a+at

d:ly=2+b+h (a* 0
z=1+2- b+(2- bjt

théa man khoang cach tir O dén duong thing

1a nhé nhat. Gié tri cia @ T 2 bing
A.0 B. 30 c. 19 D. 20
Goi y: Chon B.

, _ . ulab - b
Puong thing d d3 cho di qua diém cb dinh A (l 2 1) vado “ [ )

n(2- 1- 1)

vuong goc voi

(P) )

qua A va c6 vecto phép tuyén N .

Ll A0 UKD - -
u, = %.OAﬁnéz - 8- 1L- 5)

nén d ndm trong mit phang

Vay vecto chi phuong cia duong thang can tim 1a . Suy ra
a_ b _Za-b
8 11 5 -Vayazﬁ:bzll-

Bai toan 5: Viét phuong trinh duong thing 0 di qua diém A cho trudce, ndm trong mat phing

P . P .
( ) va cach diém M (M khac A, MA khong vuong goc voi ( )) mdt khoang 16n nhat.
Goiy:

M

3 . P .
Goi H.K 1in luot 12 hinh chiéu vudng goc cia M trén ( ) va d . Khi d6 ta thiy
d(M;d) =MK £ MA

P , N
( ) ,diqua A vavuong goc véi AM . Puong thing d ¢an tim c6 vecto chi

u, = g:.AM t

d(M;d .
. Khoang cach (1:d) 16n nhit khi va chi khi K 2 A hay d 1a dudng

thang nam trong
w

phuong la

. . AlLL-1 . .
Vi du 14: Cho duong thing d di qua diém (L L ) cho trudc, nam trong mat phang
(P):2x- y- z=0 M(021)

va cach diém mot khoang 10n nhat. Diém nao sau day thudc
duong thing d?

N (a- 20) . (2:4;0) c (34- 2) D, (41- 3)
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Loi giai: Chon A.

q ‘ u = gm AM (13- 1)
Ta c6 vecto chi phuong duong thang d cintimla °

x-1 y-1 z+1
Vay phuong trinh dudng thang can tim 1a 1 3 -1

Vi du 15: Cho duong thing d di qua gdc toa d6 O , vudng goc véi duong thing
S 1 vy =z

L
=== . M(2L1 o U =labl
2 -1 - 2 vacach diém ( X ) mot khoang 16n nhat. Biét * ( }
vecto chi phuong cua . Gia tri cia 2a+b bang

5
A.0 B. 4 c.-1 D. 2
Goiy: Chon C.
o u = gm GM - 16- 4
Vecto chi phuong cua duong thang can tim la ’ .
, e g A(L02)
Vi du 16: Cho duong thang 9 di qua diém , song song v6i mit phiang
Pl:2x-y+z- 1=0 . .
[ } Y va cach goc toa do ) mot khoang 16n nhat. Biém nao sau day thudc
duong thang d?
N (331) g (240) c (34- 2) p. (41-3)
Goi y: Chon A.

o u = gw DAH -2- 3 1}
Vecto chi phuong ciia dudng thing cin tim 1a
x-1 _ y

Phuong trinh dudng thang d 1a 2 3 - l

Ix=1- 2a+at
d:ly=-2+23+(1- alt
. z=1+t
Vidu 17: Cho @ théa man duong thang
o
Mg;kﬁﬁ =
z a

(t 1a tham sd) cach diém

M (mni ¢n =0

mdt khoang 16n nhat. Biét n 12 mot phan sd t6i gian. Gia tri
2m- n béng
A.0 B. 11 c.-1

D.5
Goiy: Chon D.

Dua vao phuong trinh tham s ciia dudng thang d da cho ta thdy d di qua diém cb dinh
L
AlLG3 - , u =[(11-1
(:L ) (tng v6i t = 2)va vuong goc voi duong thang co vecto chi phuong ! (ll )
d6 khi khoang cach tir M dén d 16n nhét thi vecto chi phuong cta né 1a

a_1l-a_1
u—grAMu:é El 2 -1

lba 4.
§ 3
2
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Bai toan 6: Cho mit phing (P) va diém A thudc (P) va duong thing d (d cit (P) va d
(P) (P)

v6i d mot goc nho nhit.
Goiy:

khong vudng gbc voi ). Viét phuwong trinh duong thing d' di qua A, ndm trong va tao

. MTAt(M* A , :
At/ d. Lay [ ) va goi H,l lan luot 1a hinh chiéu vuong

(P) sindid’) = sniar = s MH
vad' Tacé AM  MA

T A v& duong thing

goccia M trén

d,d' . . .
Vay goc ( ' ) bé nhét khi va chikhi / 2 H hoac d' diquaA va H  hay d' diqua A vasong

P)

song v6i hinh chiéu vudng goc cia d trén . Vecto chi phuong cua duong thing d' can tim 1a

i e
Uy =8, |_.=;.i“:.-ﬁ

, \ 2 1o, Z n L . . [P ) D 2% +}" -z=0
Vi du 18: Cho duong thang d' di qua gbc toa d6 O , ndm trong mit phing

d.—="——="—=
va tao v6i dudng thang 2 -1 2 mot goc nho nhit. Piém nao sau day thuoe d'?
4 (10- 713) g (240) o [54-2) p. (1L~ 28)
Goi y: Chon A.
LA L -
q D u, = %m gf;uj %= - 107- 13)
Vecto chi phwong cua duong thing d' cin tim 1a = .
X y Z

Vay phuong trinh duong thang can tim 1a - 10 7 -13,
Vi du 19: Cho duong thing D di qua gbc toa @6 O, vudng goc v6i dudng thing
q. % 1_y-1_=z+1

(P):x- y+22-1=0

2 2 1 vatao voi mat phang mot goc 16n nhat. Biét
LAH
u, =\Lbc L .
D (l ) la mdt vecto chi phuong ctua d. Gia trj cua b+c bang
3
A.0 B. > c.-1 D. 3

Goi y: Chon B.
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Ban chat van 1a bai toan 6 véi vecto chi phuong cia duong thang can tim la

IR VTR
u= %::”:.c}ﬁ“né: (5- 13 16)

Vi du 20: Cho dudng thang di qua gbc toa d6 O, cit duong thang 1 2 3 va tao v6i

truc Oy mot goc nho nhat. Biét b = ( l,C) 12 mot vecto chi phwong cua d. Gia trj cia @ TC
bang
3
A.0 B. D c.-1 D. 3
Goiy: Chon A.
(O ;d)

Bén chat dudng thing can tim di qua O va nam trong mat phang . Do do vecto chi phuong
r

Hﬂ

U= !

cua duong thang can tim la

Oy‘

'I r.e \ . 9
L vé6i J 1a vecto don Vi cua truc

. \P . P . . |\P .
Bai toan 7: Cho mat phang ( ) vadiém A thudc ( ),du(‘mg thang d cit ( ) tai diém M khac

. . . P .. . |
A . Viét phuong trinh duong thing d' nim trong ( ,diqua A va khoang cach giira dvad
16n nhat.

o O) TR
Goi y: Goi la mat phang chura @ va song song voi d . Khi do

dldia) =d((Q):t) =alAilR)) 0 st oin 2 , khoéng céch nay 16n nhat khi va chi khi

LU éﬂ AL LD -~ . LAl u_ml:
N, = ,J;%,J;ABEBI d " J'i (p)  u.=8 n .\
AL . Khi d6 do ”(O)va ( )nén gl
u,= ,E.I:gT:gT:ABﬁ A
Vecto chi phuong ctia dudng thing d' can tim 1a e € , Bld

(P):2x+y+z- 3=0A(02])

Vi du 21: Cho mit phang va duong thing

== : 7 : 2
1 2 1 Biét duong thang d di qua diém A , ndm trong ( )

va khoang cach gitra d
va d' 16n nhat. Piém nao sau day thudc duong thing d 2

A (15- 8) B (24:0) (- 54- 2) DL (11- 28)
Go-iy Chon A.

C.

001 d'
G01 la mat phang chira d' va cach A mot khoang 16n nhét. Khi d6 ta co [l ) ,

g}m % AB 10 4;2), 7 ‘

vecto chi phuong ctia duong thang d cin tim 1a
uq = gw Moy~ (214;- 18) 7 X_y+t2_z-1
' A . Phuong trinh dudng thing d 1a: 1 7 -9,

(P) P)

trinh duong thiang d' song song v6i d va cach d mot khoang nhé nhit.

Bai toan 8: Cho mit phing va dudng thang d song song voi mit phang . Viét phuong

uigeli.xyz Trang 14
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. . Y A Uoa 1y A, A (P) - o4y \ 2 (Y
Goiy: Goi A 1a diém thudc d , A" 1a hinh chiéu cua A trén . Khi d6 duong thang d' can
tim di qua A" va song song véi d.

, Pl:2x- y+z+1=0
Vi du 22: Cho mat pha‘mg[ } 4

(P)

. Cho dudng thang d ndm trong mit phang
(Q):x- y+z+2=0

, song song voi mit phang va cach gbc toa d6 O mot khoang nho
L

oo u =lake) , , 3
nhat. Biét ° (L) 1a mot vecto chi phwong cua d . Gia tri ciia @ * € bang
A.0 B. 1 c.-1 D.2
Goi y: Chon D.

, \ . . . P
Puong thang d can tim di qua hinh chiéu O ' cia O trén mit phing ( )
L

u, = gl:n#mﬁ: (1- 1- 3)

Bai toan 9: Cac bai toan doi héi chung ta can c6 truc giac hinh hoc dé giai nhanh.
x-1 z-1
g X ===

va c6 vecto chi phuong

Vi du 23: Cho duong thing 2 1 2 Viét phuong trinh dudng thing d' song song

K (- 343

v6i d | cach d mot khoang bang 3 va cach diém mot khoang 10n nhét, nhé nhat.

P . . : T e ,
( )quaK va vuong goc voi d cat d tai |, cat d' tai M . Khido ta co

P)

Goi y: Gia str mit phang

IM =3, trong mit phang stacantim M thudc dudng trong tim ! , ban kinh R =3 c4ch

K" mot khoang 16n nhat.

M
E K
F
( I = )
Ml+2tt1+2 [ =l4+2tt- &1+2t =121
0i }.Suyra ).Mé Y (2'1'2}.
Khide Kl U, =0Ut=0
{301 x 2 . .
Vay (zo )va IK =6>3 D3 thdy KM nho nhatkhi M trung E , KM 16n nhét khi M
trang F
) ]_UJ'
. Elxyz IE =SIK E(-122
bé tim ( L )tadﬁnghé thirc 2 Suyra ( 12 )
x+l=y— 2=z— 2
Vay phuong trinh duong thiang d' cach K mot khoang nho nhit 1a 2 1 2
X-3_y+2_z2
Tuong ty phuong trinh dudng thang d' cach K mot khoang 16n nhét 1a 2 1 2,
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d:x— 3=y— 3=z— 3

Vi du 24: Cho duong thang - 2 1 1 viét phuong trinh duong thing ' song
x-2 v x-1
. \/7 , D e — LA .
song voi d, cach d mot khoang bang 3 va cach duong thang 1 - 2 1 mot
khoang nho nhat (16n nhat).

Loi giai: Puong thang d" cin tim 1a mot duodng sinh cia mat try tron xoay co truc la d, ban kinh

R= \/5 Goi (P) 12 mat phang chira D va song song voi d. D& dang thiy ngay, d'1a giao mat
(Q) g0 (Pul ftrong truong hop (P )
My = g‘::“n §= (33 3}

try trén véi mat phang chira d va vudng goc vaoi khong cat mat

(P) c6 vecto phap tuyén la
P):x+y+z-3=0 . 1(333)id

ay , hinh chiéu cua | trén

. Phuong trinh mat phang
(P) |, HILLI)IH = PNE!

try). Mat phang

M =LiH b m(222

M (x:y:z ) (p ) IM==IHP M|222

Goi ( Y } 1a giao diém cua /H véi mit tru (gan ( ))nhét. Ta cod 2 .
x- 2 _y- 2 _Z- 2
Vay phuong trinh duong thiang d cin timdiqua M 1a - 2 1 1
Ix=2+t
d:ly=3+2t
, Z=2+t , (P) )
Vi du 25: Cho dudong thang . Viét phuong trinh song song voi d,cach d
mot khoang bang 2\6 va cach M (O: L 2) mot khoang nho nhat (16n nhat).
Loi giai:
E
A
B

Goi (Q 1a mat phang di qua M va vuéng goc v6i d tai | . Gia sir dudng thiang qua M vuéng

gdc voi (P) cat (P) tai A

@)

thudc mat phing va

. P . .
Goi B 12 hinh chiéu ciia | trén ( ) . Ta thay cac diém l,M.B,A

I8 =d(ct(P)) =242 d[m;(P)) =mA

Ta tim duoc / (];];1) va IM :‘E {Eﬁ.Trong mit phang (Q) duong tron tim | | ban kinh

R =2\ﬁ cit duong IM tai E va F (M némgi&al'E ).

D& thay MA +MI = 1E =IBP MA= IB- Ml MA nho nhitkhivachikhi A2 B ¢ E
. s v E(- 113

Pé tim E ta sir dung hé thirc [E =2M  Suyra ( LL )
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© Tu

LA -
i (P) 7 ) n=§?;m¢§={z- 22)
Mat phang di qua diém E va co vecto phap tuyén

2(x+1)- 2[y- 1)+2(z- 3)=00 x- y+z- 1=0

P)

nén c6 phuong

trinh 1a

P)

Truong hop khoang cach tr M dén 16n nhét xay ra khi mat phang di qua diém F vaco

vecto phap tuyén nhu trén.

, . (P , P
Nhan xét: Néu [M > 2V2 khoang cach tr M dén (P) 16n nhét khi va chi khi (P) di qua M

. P .
va khodng cach l6n nhat khi ( ) di qua diém F .
Dang 3. Tim toa d¢ diém

P)

AB. d(A, (P)) = d(B, (P)).)

Bai toan 10. Cho mit phing ( va hai diém phan biét (voi
Tim diém M thudc (P)
1. MA +MB 1ho nhit.

2. |[MA - MB | 16n nhat
Phwong phap giai.

1. Ta xét cac truong hop sau

sao cho:

A B

N,
N b

¥ ;'1.'1’(

\ ;
3 Y | <
’ J’ -
. .
/ Iy
- i
AY

B

(P) xhi do- AM +BM = AB
Ding thirc xay ra khi M 14 giao diém cia AB voi (P ).
(P)

-TH 1: Néu A va B nam vé hai phia so véi

-TH 2: Néu A va B niam ciing mot phia so voi . Goi A® 4bi xing v6i A qua (P) .

Khids: AM +BM =AM +BM * AB

Piang thirc xay ra khi M 1a giao diém cua AB véi (P) .

2. Ta xét cac truong hop sau

A

(LN AT

-TH 1: Néu A va B nam cing mot phia so véi (P ). Khi do: |
(P)

Ping thirc xay rakhi M 14 giao diém cua AB véi .

-TH 2: Néu A va B nam khac phia so véi (P) . Goi A" d6i xtng voi A qua (

. |AM - BM |=}45M- BM|£A:B
Khi do:
P)

Diang thic xay ra khi M 1a giao diém cua AB véi ( .
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(P):ix-y+22-1=0

Vi du 26: Trong mat phing Oxyz , cho mit phang va hai diém
AM_ ! 2}'8 {_ Z1L- l). Tim diém M thudc mit phang (P) sao cho MA +MB b nhit.
A;M(23). B.M(lzﬂ. .M(léﬂ. D.M(ﬁéﬂ.

Loi giai

Chon A

C

Xet: Ko Y +22,- 1=8>0x - ¥ +27,- 1=- llEfm:ﬂnénA'B khéc phia so

P . .
voi ( ) . Theo bai toan 1 thi MA +MB nho nhétkhi M 1a giao diém cua AB va mp

P)

Puong thing AB di qua A va nhan AB = [2_ 4 l) lam vtcp nén c6 phuong trinh:
fx=4+2t

y=-1- &

z=2+t

M[4+2t-L-¢Q+¢H AB _ M (P) .
. Vi nén suy ra
4+2- (- 1- 4)+2(2+t)- 1=00 t=-1

Goi diém

MI(23
Viy (Z’I

, XyZ ., \Pl:xt2v-2z- 5=0 .
Vi du 27: Trong médt phang O , cho mat phang [ ) & va hai diém
Al48- 3),B(135- 18 . . |\P .
[ ) [B ) Tim diém M thudc mat phang ( ) sao cho MA + MB' 1ho nhit.

A M(310) g MB-1-4) o M(120) p M(221)
Loi giai
Chon B
Xét: X, T2, - 2,- 3=18>0x +2, - 7 - 5=3G}GnénA'B cung phia so

P . : |
voi ( ) . Theo bai toan 1 thi MA +MB 1ho nhitkhi M 1a giao diém cua A'B vamp

) P)

trong d6 A ' d6i xtmg véi A qua mp

Taco: AA' di qua A (4; 8- 3} va co vtep la Haa =My = [l 2 l) nén cod phuong trinh
Xx=4+t
y=8+2
z=-3-1
la: .
01 A [4+1.“:8+21“:— 3 1_“) 1a trung diém cioa AA" . Vi P) suy ra
(4+t)+2(8+2t)- [-3-t)- 5=00 t=-3p H(120)

A'l- 2- 43

Suy ra diém .
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A'B =(159- 21

N

Puong thing A'B diqua A" va nhan lam vtcp nén c6 phuong trinh:

fx=-2+5t
y=-4+3
z=3- 1t
. M- 2+5m- 4+ 3m3- Im|l A'B i
Goi diem [ ) . Vi M (P) nén suy ra
- 2+5m+2(- 4+ 3m)- (3- Im)- 5=00 m=1
vay M (3- 1- 4)
. . Al321),Bl- 14- 3 .
Vi du 28: Trong mat phang Oxyz , cho hai diém {3 2 ) [ : ) Tim diém M thudc mat
. MA - MB .
phang (Oxy) sao cho ‘ | 16n nhat.
A M(5-10) LM(5;J,- ) cME5-20 o M(-510)
Loi giai
Chon B.
Phuong trinh mit phang (DW) 4= 0.
Xét 2,2y <0 nén AB nam khac phia so voi (Oxy) .
, , O I o _
Goi A" @i xtng voi A qua( Xy) suyraA (32' 1)
_[MA- MB|=|MA- MB|£ A'B
Ta co: .
2 , , ‘M 13 o . 2 , \ 2 A'B véi ms 2 (Oxy)
Dang thirc xdy ra khi la giao diém cua duong u%ng v6i mit phang .
ﬂ ' 132- A'B =|-42-2
Puong thang A 'B di qua A (3 % 1) va nhan t 2 ) lam vtcp nén co
phuong trinh:
X = 3-
y=2+t
z 1-t
. M(3- 2t2+t- 1- t)l A'B i
Goi diém [ } . Vi M (P) nén suy ra
-1- t=00 t=-1p M(520)
vay M (5;1-0).
Vi du 29: (THPT Lé Quy Pén Da Ning 2019) Trong khong gian Oxyz , cho 3 diém Al- L] ,
) o . (ERIREEE | LR LBl
B(21 3)Va‘lc (64 0). Mot diém M di dong trong khong gian sao cho MAMC = MAMB + 34
. IMA- MB . . . A .
Cho biét | dat gid tri 1on nhét khi diém M trang voi diém ™ ¢X5Y520) Tin tich sé
XYZo
A. 16. B. 18. c. 14 D. 12
Loi giai
Chon B.
G01M = (a:byc)
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LLLE LU L LU Coloa g _ L u
MAMC =MAME +34U MAIMC - MB|=34U MABC =34
Ta co
Mit khac MA = 8- &l- b1- c) BC =(43- 3)
Suy ra 4-8-a)+31- b- J1- c)=34U - 4a- b+3c- 66 =0

Vay M {P)céphu’O’ngtrinh_ - y+x-66=0
Ky hiéu fM)="Ffixy,z)=- 4x- I+ F- ﬁﬁ,vdi M (x;y;2)

Ta co :

fIA)F(B)=1(- 4- 8)- 3.1+3.1- 66)((- 42- 31+33- 66)=(- 34).(- 68) =2312=0

Suy ra diém Al- 81D va diém B(213) nam veé cung 1 phia so v6i mit phang (P) .

MA- MB|£ AB - . A .
Khi d6 | | ra |MA MB‘ dat gia tri 16n nhat khi thang hang va
M nim ngoai doan thang AB hay M 1a giao diém ciia duong thang AB véi (P) .
Puong thang AB ¢6 véc to chi phuong AB =(1002) va qua diém B(Z213) nén co
Ix=2+%

y=1

Z=3+t
phuong trinh .
Suy ra - 42+ 5)- 31+ 33+¢t)- 66=0U - 1/t =68U t=- 4.

vay MG 181- 1)y, XyZ, =18

(s) (P)

sao cho khoang cach tir diém M dén mit phang

Oxyz,

(s)

(khong co diém

P)

Bai toan 11. Trong khong gian cho mit cau va mit phang

chung). Tim diém M trén mit cau la
nho nhét (16n nhat).

Phwong phap giai.
(s . P
Gia st mit cau ( ) cotam 1a |, ban kinh R . Goi H 14 hinh chiéu cta | trén ( ).

(s) ,, R+dll.(P))£ dm;[p)) £ dl1.(P))- R

Véi moi diem M trén mit cau
Nhu vay:

5 ; NPy Je < 2 (P) \ 5 J4 d(f(P))— R \ . . . R
+) Khoang cach tir diém M dén mat phang 1a nho nhat la khi . .la giao diém
cta doan thang /H véi mit cau (S)
+) Khoang cach tir diém M dén mat phing (©) 12 16n nhat <UD B 14 ki M 14 giao diém

s K. o .. x (S
cua tia doi cua tia /H véi mit cau( )
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d
M

(5)

N
/{ HE

Chu y: Dé tim cac diém nay ta c6 thé lam nhu sau:

- Viét phuong trinh dudng thang d qua ! va vudng goc véi (P)

N . 4 B ;. - X S <R \
- Tim giao diém cua d véi mat cau ( ) ta dugc 2 diem M, va Mz.

HM P dM (P

- Tinh va so sanh /) dé x4ac dinh diém M théa man dé.

, cho mat phang (P): 2x—y+2z-14=0

M (a:b:c)

Oxyz

Vi du 30. Trong khong gian va mit cau

(S)ixt 437+ 2= 2xa 4y 4 22 —3=(

I . ~ <R A - A S
. Goi toa @0 diém thudc mat cau ( ) sao cho

khoang cach tr M dén mit phéng (P) 1a 16n nht. Tinh gi4 tri cua biéu thie K =a+b+c
A K=1, B. K =2, C. K=-5, D. K=-2,
Loi giai
Chon C
Mt cau (S) co tam ”‘I:_El_l}, béan kinh £=3.
2 1-(=2)+ 2.(=1)-14]

s 42 ; _] 2 ; 32 5 .
Ta co: d(1.(P)) J‘ 1) e =4>R_ Suy ra mit phing (P) va mat cau
(S) khong c6 diém chung. Tur do, diém thudc mat ciu co khoang cach nhé nhét hodc lén
nhét t6i mat phang (P) 1a giao diém cua mat cau voi duong thing qua / va vudng goc véi

(7).

Tru6c hét ta 1ap phuong trinh dudng thing d gi qua / va vudng goc voi (P)

B , l (212
+ Mat phang (P) c6 vécto phap tuyen la = l'“}.

ST
Vi d L(P) nénnhan | (2:-1:2) lam vécto chi phuong.
x=1+2y

Ty ==2—1

N T
+ T do 4 c6 phuong trinh '~ et voi (re )

T S (S fera |V A =2y 4+ 22— 3=
Tatlmglaodlemcuadva( ).Xethe: S <+ 4y+2z-3=0
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t=1

=73

y=-=3

==

|,

r=1+2 i=—1

y=-2-t v=-1

AR [ y=-1
Q= z=-3 C 42 A(3:-3: (—1:—1. -3
D =9=0 L-7 7. Suy ra cé hai giao dieém la g l)vé Bt jJ.

2.3-(-3)+ 2_1—14|=]

d{A(P))= :
32 . [ i 32
Ta co: J_ (=12 ;

211 2(=3)-14]
NERNET S |

= ._ pR— '_1
Suy ra M=B(~L-t "}.Tt‘rdéazfl;bz_l;cz_-q.
vay K=-5.

d{B.(r))= |

1

1A

Oxyz e Xét vée to

Bai toan 12. Trong khong gian > cho cac diém
W= MA + o, MA, + 4 o MA,

a.a,..q, Lt et ato 20

N A I 3 ~ L
11a cac so thuc cho trudce thoa man
|w|

Trong do

1. Tim diém M thudc mit phang (") sao cho c6 d6 dai nho nht.

2. Tim diém M thudc dudng thing d sao cho | 1 ¢o d6 dai nho nhét.

\ . 2 A «, A S W L AA q: 5 A
3. Timdiém M thudc mit cau ( ) sao cho [ W] c6 d6 dai nho nhat.

Phwong phap giai.

. \ s R 5 ~ 1.- 1 -.1.--.""' 1.- =|-;] < R \ \ ’ .

Goi U 1a diém théa man: & CA, + o, G4, e, G4, (diém G hoan toan xac dinh).

Ta ¢ MA, = MG+ (f.-’f_, voi =12, nén

w=(a ta, t.ta, }.h}(f i f.rl{r’./il i -rr:(ﬁ./i: foee fr_,,(;’./i_" =ler, o, +.. e, )MG

Do d6: L= |-.fr, For, 4o {I_,,|'| .‘u-"(f|

Vi @ T T Y 1 hing s6 khac khong nén |71 ¢o gig tri nho nhét khi va chi khi MG nho
, g g g

nhat.

1. Véi M=) thi didm M cin tim 14 hinh chiéu cia O trén mit phing ()

2. Véi M €d thi diém M cin tim 1 hinh chiéu cia O trén duong phang d.
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3. vai M (D) thi didm M can tim 1a giao diém cua doan thing Gl va mit ciu (S)
(trong d6 ! 13 tAm mit cau, diém G ndm ngoai mit cau).
Vi du 31. Trong khong gian v6i hé truc toa do Oxyz cho ba diém A(l;l; 2)’ B(2;l; _1), ;21
va mat phang (P) c¢6 phuong trinh: 2x-y=2242=0 1y toa 6 diém M thudc mit phing (P)

o |eMA+3MBreMC|
sao cho do dai véc to nho nhat.
1 i |'f -2 i | : |"- 2 : i
w2 .40, | ,w'i;ﬂ;]_ ,w"_[] <) | ,‘.}"l;__ﬂ;i
|nnn, | 3373377 133333 3733713

Loi giai
Chon B

Ta co 2MA+3MB+6MC =11MI +214+31B+6IC

(87T
Goi I 14 diém sao cho 2/A+3IB+6IC=0 grdotaco 11 1111
, 2MA+3MB+6MC‘ ‘llMI‘ . ‘2M+3Aﬁ+6Mc o ‘11]\71‘

Khi d6 nén nhé nhat khi

nhat

ViM thudc (P) nén M 1a hinh chiéu cua I xudng mit phing (P)

wikded,
Ta tim duoc 33333
N I z-1
Vi du 32. Trong khong gian véi hé toa do Oxyz , cho duong thang 2 ] —! vahai
. AL 112 . Miahe VA —3IMB

diém A{L0:1). B{ ]']'"}. Biét diem [{abc) thudc A sao cho | ‘ dat gia tri nho

nhét. Khi d6, tong @ +2b +4¢ bing bao nhiéu?

A. 0. B. 1. C.2. D. 1.
Loi giai
Chon C
f" 2242 |
22

Goi / 1a diém théa man 14 —-3/1B=0 guy ra
|w 1 —Hm| | 1.nﬁ| =M

Khi d6 : nho6 nhét khi M/ nho nhét, tdc M 1a hinh chiéu cua
diém ! trén A,
L2 M 2=+ — Ao e n , , ~
Goi diém P10 120 A s ik chidu vudng goc cia / trén A,
— I
M, =0t =——
Taco: 2,
] '2 :1 Y
f=—— ‘u"' -L-_ |
Vi j 1 2 a4 hede =2

Oxyz A(0;1;1) B(3;0,-1) C(0;5;-6)

Vi du 33. Trong khong gian v6i hé toa do , cho ba diém

($): (x—1) +(y-1) +(z+ %T =2

:‘3W+ZW+M—C‘

v A g oeex M(x;y;z A A \ 1
va mat cau . Biét diem ( Y )thu(_)c mat cau ) va thoa

man gia tri cua dat gia tri nho nhat. Khi d6 tong P=x+y+z bang:
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p=2
A P=3 B. . c. 2. p. P=-3,
Loi gidi
Chon C
4 5
L 1[1;—;——j
Goi 7 1a diém théa man 3M4+2IB+IC=0 khige \ 3 ©
T= 3MA+2MB+MC‘ ‘3 M1+1A)+2(M1+IB) (MI+IC‘ ‘M]‘ 6MI

Do d6 7 nhé nhat khi MI nhé nhit < M 1a mot trong hai giao diém ctia dudng thing

E 1;1;—l

qua /E va mit cau ) voi ( 2) la tam cta (5).

x=1 M1[1;2;—%J:>[M, =¥
(IE):qy=1+t M -IEAS)= o
Zz_l_t MZLI;O;IJ:HM 4
2 i 2 3
3
M1£1§2;_5j . P=x+y+z:é
Vay 1a diém can tim. 2

Bai toan 13. Trong khong gian Oxyz, cho cac diém Ao A xat bidu thue:

T = MA; + e, MAS + -+ e MA,

Trong do @2 e 13 e 6 thue cho trude. Tim diém M thude mat phang (P) (hoac duong
2 < oa (S
thang d hodc mat cau ( )) sao cho
1. T gia trj nho nhét biét “ "¢ Tt =Y
2. T cé gi tri 16n nhat bist & "¢ 1ot =0
Phwong phap giai.
{!_(;.ff-_ - {!_t(;.ff-_t bt ez, GA, =0

Goi G la dlem thoa man:

MA = MG+ GA oo k=120 oa
Taco PHOA e k=R ey

MA; =(MG + G4, ) = MG" +2MG-GA, + GA]

Do do
T ={e, {X: ot VMG -rx.{;.fE.: i -r».':{;.flf o tor GAS
e A A7A oA
vi Y i @, khong d6i nén
e vgi T AU T dat gid tri nho nhét khi va chi khi MG nho nhat.
cyoi T et =g dat gié tri 16n nhét khi va chi khi MG nho nhét.

Néu M < (P) hi MG o nhat khi diém M 13 hinh chiéu cia C trén mit phang (P).
Néu M €d hi MG nho nhét khi diém M 1a hinh chiéu cia O trén duong phang d.

Néu M €(5) thi MG nho nhét khi didm M 14 giao diém ciia doan thing G7 va mit ciu (),

(trong d6 / 1a tAm mit cau, diém G nim ngoai mat cau).
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Vi du 34. ( Chuyén Thai Binh- Lan 5) Trong khong gian vdi hé toa d§ Oxyz, cho diém

A(L45); B(34:0); C(2-L0) [ o phing (P):3x=3y-2z-12=0. . - M(asbic) o

(P) sao cho MA” +MB’ +3MC” dat gi4 trj nhé nhét. Tinh téng @ +b+c
A.3. B.2. C. 2. D. 3.
Loi giai
Chon A
Goi I(X; y;z) 1a diém thoa man IA+IB+3IC =0 ta ¢c6 h¢ phuong trinh:
X—1+X—3+3(X—2)=O x=2
y—4+y-4+3(y+1)=0<<y=1 =1(2L1)
z—5+z+3z=0 z=1
Ta co:
P=MA®+ MB® +3MC’ = (MI+1A) +(Mi+IB) +3(Mi+IC)
P = MI>+2MLIA+A2+MI>+2MLIB+IB*+3MI* + 6 MLIC + 3IC?
P = SMI*+IA2+IB2+31C> +2ML(E +1B+ 3@)

const R S——
0

=P . <M

Khi do M la hmh chiéu cua I trén (P)

Goi d 1a duong thang di qua I va vudng goc véi (P)
o d- x—2 _ y—1 _ z—1
3 -3 -2

= M (3t+2;-3t+1;-2t+1)

3

Me(P):>3(3t+2)—3(—3t+1)—2(—2t+1)—12=0<:>t=%:>M 7,

5 ;0):>a+b+c=3

N |~

Oxyz , cho céc diém A(0:11) B(3:0:-1)

2 2

Vi du 35. Trong khong gian voi h¢ toa do

C(0:21:-19) S)(a=1) (= 1) (2= 1) =1

va mat cau . Tim diém M trén mit cau (S) sao

” 2 2 2 ,
cho bidu thirc T =3MA" +2MB" + MC” gyt gia tri nhé nhat.

Sl u\l iy .l-f\—l;_[-.i 1.;"| i‘ L |
A L0 B. c. - D.
Loi giai
Chon A

Mt cau (S) co tam 1(L;51) va ban kinh R=1.
Goi /13 diém thoa mén 3J4+2JB+JC =0= J(1;4;-3)

Taco T =3MA* + 2MB® + MC* =3MA +2MB +MC
=3(MJ + JA)? + 2(MJ + JB)* + (MJ + JC)?

=6MJ " +2MJ (3JA+2JB +JC)+3JA +2JB +JC’

= 6MJ* +3JA* +2JB* + JC* = 6MJ* + 672 Do d6 Lmin < M i,
Co I =5>1=R pnen didm Y ndm ngoai mit cau.

Goi K 1a giao diém cua doan I i mit cau.
Khi s, VM €(S)
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luon c6 IM 2 1J—IM =1J - IK = JK.
Déu "=" x4y ra khi va chi khi M=K.

q K-K7-15-kadd)
Piém K thoa mén J 5 55
M (l;§;1) .
Vay 55 1adiém cén tim.

Bai toan 14. Trong khong gian Oxyz, cho mit cau (5) c6 tam ! ban kinh R . Tim diém

Mx,:v,:z, A2 (S 2. A=ax, + by, + oz, p g X .
I\ X3 YurZur ) ran mit cau( ) sao cho biéu thiee * = v T TS dat gi4 tri 16m nhat (nhd
nhat).
Phwong phap giai.

, A=ax, thv, toez, =ax, +hy, oz, — A= A (P).ax+ bt cc— A=10
Ta cb ax,, +hy, +ecz, < ax, + by, tez, 0 suy ra fe(P)axs byt o ’

do d6 diém M 1a diém chung cta mit cau (5) v6i mit phang (P) .
Tén tai diém M khi va chi khi ¢ /(7)) = R m = A=At
Dau dang thie xay rakhi M 14 tiép diém ciia mit phang (P)Vé'i mit cau (5) hay M 1a hinh

chiéu cta / 1én (P)

. . 2 2 2 _
Vi du 36. Trong khong gian v6i hé toa d6 Oxyz, cho mét cau ($):(x=D)"+(y=2)"+(z-3)" =16

A=2x,-y, +2z

. Tim diém M trén mat cau sao cho M dat gia tri 16n nhét.

P ) i SR 17 A / TN
_H;%:]_:‘]:]T' _H;g:%:]Tw _H;]T':g:% M ]—u—|
A. NEE R B. G TR TG N L3 3 3 . LI B B
Loi giai
Chon B
Ta cé A=2x,, -y, +2z,, & 2x, -y, +22,—-4=0 suy ra
M e(P):2x—y+22—A:O’ do d6 diém M 1a diém chung ctia mat cau (S) voi mit
phang (P).
Mit cau (S) c6 tam I(1;2;3) va ban kinh R = 4. Tén tai diém M khi va chi khi
[6—A4]
d,pm<Re 3 <4< -6<A4<LI18.

Do d6, v6i M thudc mit chu (S) thi 4= 2%u ~Vu +22, <18

Dau dang thic xay ra khi M 1a tiép diém cua (P): 2x —y + 2z — 18 = 0 vdi (S) hay M 1a
hinh chiéu cua I 1én (P).

IM(x,, ~1;y, =22, —3)

Mit phing (P) nhan (% ~12) 1am 1 vec to phap tuyén; suy

L Z@xM—l:yM—2:ZM—3
ra IM cung phuong véi 2 -1 2

x, -1 y,-2 z,-3
= = 11 2 17
2 -1 2 =2M(—i5)

37373
Toa do diém M thoa man he (> ~Vur +22y ~18=0

w21
vay 3 3 3 ladiém can tim.
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Bai toan 15. Trong khong gian Oxyz, cho mit cau (5) c6 tam I ban kinh R va hai diém 4> 8

M{xus VuiZa) trén mit cau (S) sao cho MA+kMB at gia tri nho

nam ngoai (S) Tim diém

, [ - 14
nhat. ( v6i R
Phwong phap giai.

7 MA= ke o XA 212
Ta tim cach dung diém C sao cho M gIM
o B I
Ta lay diém C thudc doan /4 sao cho: I4 | khido IM 14 guy ra hai tam giagc IMC v

MA 14
1AM dong dang va khi do: MC M

Ta c6: MA + kMB = k[ MC + MEB) > kBC

o MA =EMC.

Ping thirc xay ra khi M 14 giao diém cta doan thing CB véi mat ciu ()

. il BTN 8 BT e N S | SR L
Vi du 37. Trong khong gian v6i hé toa d§ Oxyz, cho mat cau va

A(-1:2:0),B(2:5:0) Goi diém M (a:b:c)

hai diém trén mat cau (S) sao cho MA +2MB dat

gi4 tri nho nhat. Gi trj =P+ ¢ bing

A4—3 B3, c. V3. D.4+3,

Loi giai

Chon B
f4
M=4= -2
. 32
Mat cau (S) cO tam I3 ’0),bénkinh R=2, R
R IcC M
Ta ldy diém C thudc doan /4 sao cho: 4 khido M 14 guy ra hai tam gidc
‘ MA_ M = ke

IMC vy 1AM ddng dang va khi do: MC 1M

N i 22
Ta tim dugc diem (2 '0).

Khi d6: MA+ 2MB=2(MC + MB) >2BC=6

Ping thitc xay ra khi M 1a giao diém ciia doan thang CB vi mat cau (S)

X 2

(‘B:‘_r::? P 3= M(2:5+30:0)
o=

Phuong trinh ctua

=149ty =4t =

-1+ ]
B

M(2:2-43:0) . M{2:2443:0)
' "hoac ..

M(2243:0)= a-bic=—3

vg ME(S)

Suy ra

Lai c6 M nim gitta € va B nén
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Bai toan 16. Tim diém (dudng thang, mit phang) thoa man diéu kién cyc tri lién quan dén cac yéu
t6 dinh luong (chu vi, dién tich, thé tich, khoang céch,...)
Phwong phap:

Véi dang toan nay ta thuong dung phuong phap: str dung ham sd, bat dang thic, ...
Phirong phdp ham so:
- Goi mot dai lugng bién thién 1a X, tim diéu kién cua an X.

- Tinh dai lugng can tinh cuec tri theo bién *, dat 1a J (x)

_ Khio satham sé 7 ) dé im GTLN, GTNN.

Sir dung bat déang thirc:

- Goi mét (hodc nhiéu) dai lugng bién thién 1a X (hoge (*Y>7)), tim diéu kién ctia an.

- Tinh dai luong can tinh cyc trj theo an.
- Su dung bt dang thirc dé danh gia dai luong d6 tim GTLN, GTNN.

Mot s6 bat ding thirc thuong diing:

Quan hé goc va canh d6i dién trong tam gidc: Trong mot tam giac canh d6i dién véi goc
16m hon thi 16n hon.

Quan h¢ dwong xién va dwong vudng géc: Trong cac duong xién va duong vuong goc ké
tir mot diém nam ngoai duong thang d6 thi dudng vudng goc 1a duong ngan nhat.

Bit dang thirc ba diém (BPT tam gidc):

) V6i 3 diém 4B:C bk, taco; 1187 BCI= AC = AB 1 BC

A.A...A

J . < R A 3 1 ."‘ ."‘-. 1 ."‘-.."‘- Taea T A4
Tong qudt: Voi ' diém " batkithi 7 R .

a b ””| |”H
+) Vi hai vecto bat ki ta ludn co:

2 , - t.‘ ,th..... . | | [.'_x F ..t n'|_ |[.'i|- |[.'_~_| F ... |n'"|
Tong quat: Véi ' vecto '™ - » bat ki thi .

BAt dding thirc Cauchy: Voi ¥ khong am ta c6: 2
Dau dang thie xay rakhi =7V,

Bit ding thirc vé tich v hwéong ciia hai vecto: Vi hai vecto @b it ki ta luon co:

|Hh‘ = ‘f.f||h|
Déu bang xay ra khi ¥~ kb, ke
H’| ]_ £ il | . ‘ ‘ ‘
i A . Oxyz .2 L2 ) (5): 40742 =8
Vi du 38. Trong khong gian =, cho diém va mit ciu )

M

Puong thing d thay doi, di qua diém > cit mat cau (S) tai hai diém phén biét 4.8 Tinh dién

tich 16n nhat S cua tam giac OAB

A S=VT B. S=4 c.S=27, D.S=2v2

Loi giai
Chon A
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Mit cau (S) c6 tam 0=(0:0.0) , ban kinh R =2\/5.

Taco OM =1=M pim trong mat cau. Goi ! 1 trung diém A8 = Of L A5

Pat Y= =OM = 0=y,

I - - -
Sww =7 OLAB=0OINR -0 = 8- = f(x)

Khi do
()= 2(4- x }[:ﬂ cx<l)
o , ta ¢ bang bién thién
X0 1
S(x) ¥
P

Vay max s, .= u"'_ khi Of =1 hay I=M.

A4(0:0:3) B(0:3;3)

OXVZ cho , va duong thing

Vi du 39. Trong khong gian vi hé toa do

X v oz
j:T:]_:]_ . 1{(“!!}(.) < 1R N ~ N M A 11{ 1{8 ., . ”
. Goi 1a diém nam trén duong thing A sao cho MA+MB dat gi4 tri nho

nhat. Tinh [ =a-b+c,

9 3
C. 2. D. 2.

b | —

A 3. B.
Loi gii
Chon D

. % N R . 2 . Mttt
Diém M nim trén dudng thing A nén (r:122)

Ta co:
MA 4 .\fff:J[jn—r}: 0—t) {30y -J{ﬂ—r}: 3—t) 13-y
=ﬁ(u’r:—1r IR /AT ni'llj

Pit f[:r}:\,n'[.f'—l.f RN ':"’teD (™

o i—1 t=2
Jrl[lr}= = " = =|.ﬁ]
Ta o6 Je=17 42 (-2 +2
N r—1 (2=
Ji=1y 2 f(2-0) 42
)= if "e
Dat [
N
I&rni:tf}: — 0, Fu
Ta co (“- =)
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| tas

! I[:l"}:[]»;_x .gr[:f—]}:.ir[:z—;}»;_xf—] =T =1
Do vay 2,
Bang bién thién:
z a0 é +00
2
i ) = 0 i
+o0 +0
3
z:i M i;i:i.‘
. Y ST VIR 77 ST N £ . 3 277 )
Tu BBT suy ra gia tri nhd nhat cia M4+ MB 3 dat duoc tai tlre : /
2
=g—h+tc==
2,
Nhan xét:

+) Bén canh viéc st dung phuong phap ham sé dé danh gia biéu thirc J (t) ta c6 thé sur
dung bt dang thuc sau:

u’r."" Fh J:"" Fd® 2 .J[:r.' i :'f i |::."] t ol }
Déu dang thirc xdy ra khi ad =bc
/ [jr}:J[jr—ly" (V2 J[jz—r}" (V2) zJ[jr—] 2y (242) =3

2

((-N)2=(2-1 )2 =e=2

%

Ta co:

Dau dang thirc xdy ra khi
+) Cau hoi nay co thé dién dat bang cach khac. D6 1a: Tim diém M thudc A sao cho chu vi
tam giac MAB 1a nho nhat.

Vi du 40. Trong khong gian véi hé toa & @7 | cho ba diém 7€ R 1an luot di dong trén ba truc
l l l l

N = 2" 2T g NI 2 POR N ST
toa do 0% OV Oz ga0cho OF 0 OR S Bkt mat phing (POR) ludn tiép xuc véi mit

N

(1 3 ]
3T sy
* va cat tai hai

cau (S)cé dinh. Pudng thing d thay d6i nhung luén di qua
4.B phan bigt. Dién tich 16n nhat cia tam giac 408 1a

A NS, B. S, c. V17, D. V7.

diém

Loi giai

Chon D
Goi H 1 hinh chiéu vudng goc cua diém O trén mit phing ( PQR).
Dé thé}’ OH® oP" 00" OR suy ra W _§ hay OH = 2\/'5.

Khi d6 suy ra mat phang (PQR) ludn tiép xtic véi mat cau (S) tam O, ban kinh R = 22 .

=1 . . . (S)
nén diém M nam trong mat cau V7.
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S = l(]f’..dh’
: 3

bA

Goi ! 14 trung diém cua 4B, do tam giac OAB an tai O nén -

DﬁtOI:x,ViO[ECM4Iﬁn(}<x£l\@.4B=1JH—I:.

5~.-- .= l.".'.j\frﬁ— = _'-,'sjlh'— ¥ = \llr:“‘i.'l.': -

’ ¥
Taco =

) =8
Xétham s 7 =87 7% g 0<x<1

6 ,.frl:l.'}z ]Ii‘l.,——l-,:—l-,‘(—]-—n," '“‘*ﬂ YE(O]] — ! [k}i ! []}: F"

C vO1l moi
Suy ra di¢n tich cua tam giac OAB 160 nhét bang V7 dat duoc khi M 14 trung diém cua
AB

_‘w_'.,' L= %{JIHEH = _'-,"JH— _'.,': = 'JH_'I.': - = JH'.: t .".': |{]— .".': l' = ‘\J": Yx e (0 ]]
Cach 2. - vol B

Vi du 41. (Dai hoc Hong Dirc ~Thanh Héa 2019) Trong khong gian véi hé toa do P97 | cho

A(-3:1; .1 - ) , (P Y- — A= : vl .
A(=3:1:0) B(SI) i g (P00 20822420 (Q)imwi iz o120 oo

A hie 2 S . 5 . . .
M (azb:c) 12 diém nam trén hai mit phiang (P) va () sao cho MA +MB gat gia tri nhd nhat.

Tinh 7 =a +h +c
A S, B. 29. c. 13, D. 3.
Loi giai
Chon D
0)

Tt gia thiét ta c6 M thudc giao tuyén d cua hai mit phiang (P) va ( .

2 r r— ek 2
Mat phang (P) c6 mdt vecto phap tuyen la ne=(1:2: l}. Mat phang (Q) c6 mot vecto
p .r.:—:: . 2 . N(I:1; N ~
phap tuyén la ng = (=113 ). Khi @6 duong thang d g qua (l’l’l) va ¢c6 mot vecto
" v=1+t
diqv=1-2t
i . .!;..:[f-r.-..'i-'-_.:|:|:'].'—l'3 o . ‘. ‘::]+_‘~,..r
chi phuong la ' nén c6 phuong trinh tham so la :

M1+ 1= 21+ 31)
suyra .

MA .m;*:J(; CA) A9 J[jr—4}: VRN T

=142+ 8110+ 1467~ 81+ 16
Bai toan tr¢ thanh tim gia tri nho nhét cia ham sb
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)= JI4e7 4 S 10+ 1407 = 8r 4 ](‘l:m{\j " ir ; ; ; \/r:—i.f ; ;]

~ | b

_Ja J{’, .

1| b

OEN TN

Khi do

. Suy ra

Dau bang xay ra khi va chi khi hai vecto ¥ va VY cing huéng hay

2 2
Ir': =
'II=IT‘?-'ﬂj|"=ﬂ
2 b
=
poas M () yay 7=a bt =3,

Vi du 42. (THPT Qudc gia 2018 — 101) Trong khong gian v6i hé toa do Oxyz, cho mit cau <S)

12 A(1;-2:—

_2- . , .
co tam ( - ") va di qua diém ( I}. Xét céc diém B-¢-D thudc (S) sao cho

ABACAD 45 mdt vudng goc vaoi nhau. Thé tich ctia khdi t dién ABCD ¢4 gia tri 1on nhat
bang
A2 B.216 c. 108 236_
Loi giai
Chon D
Dit Af=a, AC=h AD= C

AB.AC.AD 451 mot vudng goc v6i nhau nén ta co thé coi tir dién vuong 4BCD 13 mot

phan cuia hinh hop chir nhat ABEC.DMNE i tiép mit cau (S) (hinh v¢).

M L

%

Ta co: a +h e ="”€:.

I

..I.':'II'.'J = —abc
Xét Y

2

Ap dung bt dang thirc Cauchy cho 3 sé duong ¢ brie ta duogc:
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I"' 2 y 2
) ) A e . d +
@+ b e 2R ah e ahe £ | =
|

- 3

R P L DR

Suy ra .
Vi R =11 =3Y3 Vay thé tich 16n nhét cta tir dién ABCD 1a 36 khi a=b=c.

Vi du 43. (Chuyén Lé Hong Phong-Nam Pinh) Trong khong gian véi hé toa d6 Oxyz, cho ba

diém

[|' I |II] b i

Al o), B0 0), C0:0:c)

véi ©5:¢ 13 cac s thuc duong thay doi tiy ¥ sao cho

. . ABC (s
=3, Khoang cach tir O dén mat phang ( ) 16n nhat bang

1 1
A. 3 B.3 C. NE D. 1
Loi giai
Chon C

Cau 1:

1 1 1
Vi OA, OB, OC dbi mot vudng goc véinhau o  OA4 OB" OC ygi d 13 khoang

cach tir diém O dén mit phing (ABC). Suy ra da b

Ap dung bat dang thirc Cauchy-Schwarz: @ ¢ athic yéi a.b.c>0 4y e

LI P N L A S S

3 E b bk e \/_
Ping thirc xdy rakhi ¢ = b=c,
1

. . ABC N Y
Vay khoang cach tir O dén mat phang ( ) 16n nhat bang V3 .
IIL. H¢ théng ciu héi on tip:

(Viét Dire Ha Ngi 2019) Trong hé truc toa 46 97 | mat phing (P) di qua diém

A(l;7;2) va cach M(=2:4-1) mot khoang 16n nhét c6 phuong trinh 13
A (P):3x+3p+3z-10= EI. B. (P):ix+y+z—-1= f]'
C (Pt :—]ﬂ:ﬂ. D. (P):x+y+z+ ]ﬂ:[‘.l.
Loi giai
Chon C.
Tacé;”'i”‘[:‘””E"W
Nén d(M(P)), A khi 4 1a hinh chiéu cia M trén mat phang (P)
Suy ra AM L(P) = 4”_[_1_1_1} 1a vecto phép tuyén cta (P)
(P) di qua A(l;7;2) va nhén AM = (=3:-3-3) 1a vecto phéap tuyén nén co phuong

=1 =3 v=T1=3 == 2V=0= i 14 = —
winh (= 1)=3(r=7)=3(2-2) =0 x4 y4 2-10=0,
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) 2 (2:—1: )
Trong khong gian véi hé toa @6 @7 | cho diém AL 1}. Phuong trinh mit phing
(P) di qua diém 4 va cach gdc toa do O mot khoang 16n nhat 1a:
A 2x—ytzto=0 g Zy—pd z-0=0 C.Z piz-0=0 p
Jyvtvy—z—0=10
Huéng din giai
Chon B.
0
H A
P
. H N1 < A 5 A A - 2 (P) 5 , <\ 0 A < 2
Goi 7 1a hinh chi€u cua 4 1én mat phang . Suy ra khoang cach tor “ dén mat phang
(P) chinh 1a OH . Phuong trinh mit phang (P) di qua diém 4 va cach gbc toa do o
mot khoang 16n nhét khi # = A hay O1+(P).
, . =2
Phuong trinh mat phang (P) di qua diém 4 va nhan oA=(- } lam mot vecto
I3 7 i .'- 1 ._— = N = — j—
phap tuyén: 2x=2)=1(y+1)+1{z-1)=0 hay dx—yiz-0=0
-1 y+2 =z
i 1 —= =

Trong khong gian vi hé toa do Oxyz , cho hai duong thang ! 2 1 va

2 y=1 =
d, =—==

2 -1 2 Phuong trinh mit phang (P) chura (d‘) sao cho goc gitra (P) va
dudng thing (c:) 14 1on nhat 1a: 7V 4= 0 Gl 4 cia bidu the T=a+c+d
bang

r--1
A.T=0, B.T=3. C. 4 D.7=-6
Loi giai

Chon B

Gia su d, c6 vecto chi phuong “ d, c6 vecto chi phuong “

Trudc hét ta xét truong hop 4\ ya % chéo nhau.
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Goi M 1a mot diém nao d6 thudce d, , dung duong thang qua M va song song véi d,.
Lay diém 4 c6 dinh trén duong thang d6. Goi 13 hinh chiéu cia 4 1én mit phang

P, K 13 hinh chiéu cia 4 1én duong thing .

Goc gitra mat phang (P) va duong thang d, la AmH .
A AR

sinfd,, P|=sin[Hyma)= == = o i p ’

Taco ' ' oAM AM (do AH = AK), Goc ( ’ ) 16n nhét khi
, AK ,

sinld,, P . s . sin|d,, P .

’ ( ” ) 16n nhat. Do 4M khéng d6i suy ra ’ ( - ) 16n nhat H =K

AKM)

- < P A 1 \ - < 7 \ A 7 7,e - N

Mat phang (P) can tim la mat phang chua 4 3 vudng goc voi mat phang ( ,
(P v ]

hay vecto phap tuyén cua vuong goc voi hai vecto ! va o

Nén ta chon vecto phéap tuyén cua (P) la e = [”" [“ih ' ﬂ

Truong hop d, va d, cit nhau tai M | bai toan gidi tuong tu nhu trén. Két luan khong
thay ddi: vecto phap tuyén cla (P) la e = [”"[““ H: ﬂ

Ap dung vao bai 45 ta c6 " =l :'}:_]}; uy =(2:-1:2)

= [e.'-i-:.'.'t:|:[:3:——1:—5} — n'_;.',=[u','.-[u'j.-£ﬂ=[j—u.-1;—1[]y=—1[j7.-—1.-51

Mit phing (F) chira @ nén mat phing (F) di qua diém 4(1:-2:0)

Phuong trinh mit phang (P):Tr—y+52-9= v Suyra @ tctd=T15-9=3

. _ ) . A(L2i- 2:1;3
(THPT HAI HAU A-2018) Mit phang (P) di qua hai diém (1 1) B(2:13) va
tao v6i truc OX mot goc 16n nhat. Piém nao sau day thudc mit phing (P) ?

A M {2;—?;1}' B. _.-\-'(—2;?;1)_ C. 5(2:?:—1). D. F(E:?:l).
Loi giai

Chon C.

Goc 16n nhit tao bai duong thang va mit phang 13 goc vudng suy ra mit phang dang xét

vudng goc voi truc Ox

Do dé VTPT cia E) 13"~ [;:H.J] = (0:4:1)

Viy phuong trinh mat phang (P): Wrz=T=0 pigy thuoc mit phing (P) la

E(2:7:-1)

Trong khong gian véi hé truc toa do Oxyz , 801 (P) 13 mit phang chira duong thang
x=1 y+2 =z

i —= =—

! -1 ~2 va tao vdi truc Oy gbc cb s6 do 16n nhat. Piém nao sau day thudc

mit phing (P)
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Al E(—3:0:4)_ B. M(B:U:Z}. C. .1[—]:—3:—]}. D. F(I;Z;l)-

Loi giai
Chon C
Cach 1:

M (1;=2:0) a=(l—1-2) Oy

Puong thang d qua diém
j=(0:1:0)

, €0 véc to chi phuong va truc

c6 véc to chi phuong -

n=(ABC) (A + B+ CT=0) o, . Ao s
Goi n=| ) " 1a mot véc to phap tuyén cua mat phang (7).

i d=Fl= an=0e 144 (-1.81(-21.C=0 A=B+2C =n=(B+2C:B.C)

Goi ? 1a goc giita mat phing (P) va truc Oy A

| 5] _\/ B
JiBi20y B o0 V2B 1 4BC s sC

~
| :‘I | !
| ]
|

| b
" .
| o

ml*“r

(B=0)

[\J|-r\~1

| 02) |

Vi ham sb S1N¢ tang lién tuc trén ( nén ? dat gia tri 16n nhét khi ™% 16n nhét
2 "|"' 0 6 C

t—| +— — —+

Luc d6 2/ 7 dat gia tri nho nhét bang S khi va chi khi B

Chon B=5=C="24=1= aé:f_]:ﬁ;—z]_

L

=0

~
| ™

2
5

Phuong trinh mit phing () qua diém M (5= 2:0) ¢4 vee to phap tuyén = L3:-2)

lé, ]r'—]] t 5|'-| t 2]—2r:—[]]: ()= v _:'_1'—1__ 9 =10

Thé toa do (71571 vao phuong trinh mit phing () —145(=2)=2(=1)+9=0

(luon dang).

Vi—1—2:—1)

Viay diém thudc mit phing (),

Cach 2:
Xét bii todn tong qudt: Cho hai duong thang And, phan bi¢t va khong song song voi

nhau. Viét phuong trinh mat phang (P) chira duong thang A va tao voi A, mot géc 1on
nhat.
Phuwong phap gidi:

+) V& mot duong thing A bat ky song song Vi A, vacit tai M . Goi B 1a diém ¢

dinh trén A va H 1a hinh chiéu vuong goc cia B

B

1én mp (P), ké BALA,

N B Ay

AP =BMH
+)l 21 ! . N
sin BMH = ﬂ_ﬂ :

BM ~ BM khoéng dbi ol
BMH 16n nhét khi H = - - !

Suy ra BMH 16n nhat khi A =4 Ay M
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| _}. | . |
Khi do BMH = l_l..j.; ) va (P)chl'ra Ava vuong goc voi mat phang (A],Aj).
Vay (P) 6 vIPT 1a: o0 Jon |
A’P dung:

w, =(L-L=-2); j=(0:0), n= [[u_,. ,"]. i, }: (1 5.‘—1}. Phuong trinh mat ph‘fmg (P)

M(1:—2:0) [1:5:—3:15‘ x+5y—2z+9=0

, ¢6 véc to phéap tuyén " =
Vi—1—2:—1)

qua diém
Vay diém ° oc mit phing (©)
ay diém thugc mét phang .

(THTT S6 4-487 thang 1 nim 2017-2018) Trong khong gian véi hé toa do @7 cho
I.\' =
d:iv=t

A(3:2:-1) =1

diém va dudng thang { = Vit phuong trinh mit phiang (P) chtra

d sao cho khoang cach tir 4 dén (P) 13 16n nhét.

Al Jrtpr—=3z+3=10 B. x+2y—-z—-1=0
C v+ 2y —z+1=0 D 2x—y-3z+3=0
Loi giai
Chon A.
A
}K/d
M, (0:0; r=(L1
+d qua f"(O'O'l} c6 vecto chi phuong = (1] ]).

+ Goi H , K 1an luot 14 hinh chiéu cta 4 1én (P) va 4 . Taco:

d(A(P))=AH = AK

Ding thirc xay ra khi va chi khi / =K |

cd(A(P)) =AK 0;0;1)

Do d6 . Khi d6 (P) di Mo nhan 4K lim vecto phép tuyén.
+ Ked nen K(6t.1+1) v AR = (1= 30— 21 4 2) Ty co:

AK L i = .;E;‘-;'-.ci:ﬂ"-—‘]-[:"_-z-}' L{¢=2)+1.(¢+ j}zf".la_w:]’

Suy ra: .4}3.7:[—1.-—1.-3}'

Vay (P):=2(x=0)=L(y=0)+3.(z=-1)=0 <= 2x+ p-3243=0
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Cau 8:
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(SO GD-PT THANH HOA-2018) Trong khong gian véi hé toa do OXZ ¢ho diém

=1 y=1 z-1

A7 1" s
A(2:-1-2) va dudng thang (d) c6 phuong trinh ] -1 I Goi (P) la mat

phang di qua diém 4, song song véi duong thang (d) va khoang cach tir duong thang

d 161 mat phang (P) 13 16n nhat. Khi ¢6 mit phang (P) vudng goéc voi mit phang niao
sau day?

A Y-y-6=0 B."""h 2z+10=0
C. .".'_1_1'_3__—]=[]. D W+ T+ 2 =)
Loi giai
Chon D.
K (d)
inf”H
A
CK(xviz) £ A oo A 1an d Ao K A oA

Goi ~ ‘"7~ "7/ 1a hinh chiéu vudéng goc cia 4 lén 4. Toa d0 cua & la nghiém cua hé
‘— Fl=y—1 ‘ x=1
y=l=—+1 qvr=I
‘_.'-.‘—_1'-:—]:[]‘_::] = K (LLT)
Taco Ud).(P))=d(K.(F))= KH = Kd = Vi . Nén khoang cach tu d dén (P) dat

gi4 tri 10n nhat bang Ji4 khi mit phing (P) qua 4 va vudng goc voi K4 . Khi d6 c6
thé chon VTPT cua (P) la KA . Vay (P) vudng goc voi mit phang A
(SGD Quing Nam — nim 2017 — 2018) Trong khong gian véi hé toa do P77 | cho

Cx—l_ y+l z=3

(P o — A — , o — i .,
mit phang (F)ixey—az " duong thing 2 -1 I va diém A3

thudc mit phing (P) . Goi A 1a duong thing di qua 4, nim trong mit phing (P) va

cu=(a:b:

cach duong thang d mot khoang cach 16n nhat. Goi ) la mdt véc to chi

phuong ctia duong thing A. Tinh ¢+2b
A, at2b=-3 B, +2b=0 C.a+2bh=4 p.a+2b=T

Loi giai
Chon A.
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P)

f=12:=11)

MiL-13) ., .
{ ) va c6 véc to chi phuong = .

Puong thing d gi qua

: =P =T (=7 3 —
Nhén xét ring, 4€d va “ P)= =T ]}.

Goi (Q) 1A mit phing choa d va song song voi A, Khi d6
d(Ad)=d (A (Q))=d[A(0))

Goi H | K 1an luot 14 hinh chiéu vuong goc cua 4 1én (Q) vad. Taco AH = AK
Do do, d(A.d) 16n nhat < “{(A"(-Q)) I6n nht = Hme & H=K Suy ra AH
chinh la doan vuong géc chung cua d vy A

“ < n _ e H?u =(=2:4-8
Mat phang (R) chira 4 va @ ¢o véc to phap tuyénla " [ ] (-2 4 ),

Mit phang (©) chira 4 va vuong goc voi (R) nén c6 véc to phap tuyén la

M = [ai.'. .H:| =(12:18: - 0)

Puong thang A chira trong mit phing (P) va song song voi mit phang (Q) nén co véc

o chi phuong 1 "= [n " ] =(60; 42 0)=0(11:~7:1)

A(2:1;1

(P) chtra duong thing d sao cho khoang cach tir diém 4 dén (P) 16n nhat c6 phuong
trinh 1a

Trong khong gian Oxyz , cho diém ) va duong thang — . Mit phang
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Cau 11:
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()

Goi H 1a hinh chiéu cia 4 trén 9 ; K 1a hinh chiéu cia 4 trén (P ).

L d (A P))=AK = AH

Ta co (khong doi)

= d(4P)) o0 nhde ki K=H
vi Hed pen H(14 26-2-1t)

—
Ta c6 AH =(2t—-1:¢-1:-3 .f}.

, e
buong thang d ¢6 vecto chi phuong i0=(2:1:-1)

Vi H 1a  hinh chidu coa A wéen d pen  AHi=0s
1[:1"'_]}'][:I'_]}'[:E'f}=f]<,_x|f=["]

—(10:=2) = A =(—1—1:—3
vay [1=(10:22) = ari = (-1-1:-3)

Mit phang (P) qua H va vuéng goc voi AH nén (P) c6 phuong trinh

T4+ pr+3z+53=0

\ Ly -7 " T '+ B+ =
Trong khong gian Oxyz , cho diém 'U(]"'}). Mit phang (F)vs Ay Bz C=0 chtra
truc O va cach diém M mot khoang 16n nhét, khi d6 tdng 4 + B +C bing
A6 B. 3. C.3. D.2.
Loi gidi

Chon D
Vi (P) chira truc 02 nén ludn ¢6 (P )= d (M0 }.
Suy ra d (U(P)} dat gia tri 16n nht bang d(M:0z) = MH , v6i H 1a hinh chiéu cua
M trén truc Oz

x :0:3 . :0:3) . < M (1 -2
Dé co H(O'O").Véy (P) di qua H(0:0; ),co véc to phép tuyén M (1 n}.
(P)i—x-2y=0e=x+2y=0=24=2B=C=0=4+B+C=2
(THPT Quynh Luu 1 - Nghé An — Lan 2 nim 2017 — 2018) Trong khong gian voi

. (S (e ':,'._’1 :,..___% ,:=k y
hé truc toa do (O'U"”),chométcéu (S):e=Tp v =2) (==3) },dlém

A(0: 0; 2 . ) . ; N
A ) . Phuong trinh mat phang (P) di qua A va cit mat cau (S) theo thiét dién
1a hinh tron () co dien tich nho nhét 1a

A (P):x+2y+3z+0= ﬂ. B. (F):x+2y+z-2= ﬂ.
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C. (FP)ix—2viz—-0= []. D. (P):3x+ 2y 2:——1:[].
Loi giai
Chon B.

(S):(x=1) +(y=2)+(z=3) =9

Mit cau co tam ](122:‘3),bénkinh R=3

I4=\J6 <R nen 4 nim trong mat cau.
Goi 7 12 ban kinh dudng tron thiét dién, taco "= VA /"

Trong do h1a khoang cach tir / dén (P)

, xR =)z (R —14°
Dién tich thiét dign 1a 7~ 7 (% =17 = 7 ) Do h<lt)

Vay dién tich hinh tron (©) dat nho nhit khi # =14 Khi d6 4 1a véc to phap tuyén
cua (P)

Y (v — = Fz—2)= A= i A i—
Phuong trinh mat phang (P) la r=0) 2{y=0)4(z=2)=0 = x4 2p4 2-2 [].

A(1;2:4) B(0:0:1)

Oxyz , cho hai diém , va mat cau

Trong khong gian
(5):(eel) +(v=1) 42

= : (P)iax+by+ez+43=0 . L
4'M5tphéng () by diqua 4, B vacat

- A S . A \ A \ \ J ’ It 9 A 7 — 1
mat cau (5) theo giao tuyén la mot duong tron ¢ ban kinh nhé nhat. Tinh T=a+hc

T=—— Ir'":E T:2 Ir'":ﬂ
A 4 B. C 4 D
Loi giai
Chon A.
Mit cau (S) cO tim !(_]:]:0) va ban kinh R=2,
BA=(1:2:3)

Puong thang 4B di qua diém B, c6 mot VTCP la

B=(=k1) = ;5= 3 < g =(P) ludn cat mat cau () theo giao tuyén 1a dudng tron
(€)
A !'l. R - A
(C) c6 ban kinh nhé nhit = ¢ \/ {P” 16n nhat.
Goi H , K 1an luot 14 hinh chiéu vudng goc cia ! 1én (P) va 4B | ta co:
df.(P))=1H <K
Do do (!(['(‘P)) 16n nhit = H =K hay mat phang (P) vuong goc voi 1K
) el 2 x--:='."1_-1.
Tim K:KedAB=K (02004 3)= K=+ L2t—L3t+1)
S I
IK LAB<= [KAB=0=t=—==1IK

Ta c6
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Cau 13:
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Mt phing () di qua 2% e5 mocvpr1a 7= (%794)
C 47
(P)ior=9y+dz—4= (P Zv—3243=0 -
: Vay 4
x=1 y+2 =
. Oxyz .2 ,4(2:—:3:4} , di—= ==
Trong khong gian ™| cho diém , duong thang 2 ! 2 va
s (S) (=3 (0=2) 4 (24 1) =20 , 7
mat ciu (503 0= 20 (2017 =20 e hing () chira duong thing @

Cau 14:

thoa man khoang cach tir diém 4 dén (P) 16n nhat. Mit cau (5) cat (P) theo duong
tron c6 ban kinh bang

A.ﬁ. B. L. C. 4. D. 2.
Loi giai
Chon D
ji
Ta c6:

_ =(2:l:2}_

A1 .
d di qua M (1:-2:0) va c6 VTCP "

I(3:2:—

() ¢ tam 1) va ban kinh R=2V5

Ta co: (AL ))=d (A }. Dau “=" xdy ra khi (P) chira 4 va vuong goc voi AK

Khl dé: (P) C(,) VTPT 121 fHyp = |:I'i'. {RL a bl :| .

vy = | i AM | = (—0:0:3) s 3 (0 18— []) = O] 2+ —
Vi M i [H. 4‘11"] (—0:0 i_n,-_[_ 18— 18)=9(1:2: 1}.

=(P):(x=1D+2(y+2)=-22=0=(P)ix+2y—22+3=0

Ta co: € =4 1:(P))=4

Vay ban kinh duong tron can tim; /= VR —d" =v20-10 =

(THPT Chuyén Lam Son-Thanh Héa-1in 2 nim 2017-2018) Trong khong gian véi

[ﬁ;}:[.x——l}" - [:_1-—1}" ; [:—3]." =16

hé toa dd Oxyz , cho mat cau va cac diém

09 _1-7en ) , .
A(I’O’“) , 8( 2;2 . Goi (P) la mat phang di qua hai diém A, B sao cho thiét dién
clia (P) v6i mit cau (5) 6 dién tich nhé nhat. Khi viét phuong trinh (P) dudi dang
(P):ax+hy+ ez 3=ﬂ- Tinh [ =a+b+c
A. 3. B. 3. c.0. D. 2.

Loi giai
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Chon B.

[(1233) bin kinh 1a R=4.

Mt cau c6 thm
Tacd 4, B nam trong mat ciu. Goi K 1a hinh chiéu cia ! trén 4B va H 1a hinh
chiéu cta ! 1én thiét dién.

. A oy S=mri=x|R-IH) o o )
Ta c6 dién tich thiét dién bang ( }. Do d6 dién tich thic¢t dién nho

nhat khi /H 16n nhat. Ma [H <IK suyyra (P) qua 8 va vusng goc vai K |

, = , (019 T (111
Taco =18 =5 suy ra K 1a trung diém cia 4B . Vay K(U'Lh) va K1 “'I'IJ.

1(z-2)=0e —x—p-z+3=0

Vay (Fhe(e=1)+p
vay I'=-3.

Cau 15: (Chu Vin An - Ha Noi - 2019) Trong khong gian vé6i hé truc toa do OXYZcho mit
phang (P)ix—y+22=0 Phuong trinh mit phing () chtra truc hoanh va tao voi (P)

mot goc nho nhat 13

p. x+z=0.

G

Chtrng minh goc gitra (P) va (Q) bé nhét 1a goc giira Ox va (P).

Gia it (Q) = (AKI). Ta co |\ I)-(Q))= AKL (O (7)) =AM

Xet MAHLAK 3 giac vuong chung canh AH.
AHE K =907 = HK = HI = KAH < TAH <907 — AKH <907 — ATH = AKH = AIH
0x o5 yrep ! (1:0:0)
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(P) <6 VTPT * ={1:-1:2)

1
Tl %

| ——
Coser = ———=+fl =510 exr =
||’i'l. |||’i'|

Goc gitra 9% va mat phing (P) la @

S

Goc gitra (Q) va mit phang (P) thoa:

Phuong trinh mét phang (Q):Br+Cz=10

|H 2] 5
Vs oo Vo

Ta co: ""—X_]'B FABC _=[]<'_x(_‘=_jsz

~>|—h’ | 1(‘|: SE 4 5C°

ChonB=1,C=-2.

-
|

[N
|

(R

1
—

Cau 16: Trong khong gian Oxyz , cho dudng thang ~1 . Goi ((Z)la‘l mat

phing chira dudng thing d va tao v6i mat phing (Oxy)m(f)t goc nho nhat. Khoang cach

M(0:3:—4)

tur dén mit phang (a) bang

A0, B. 26 c. V20, D. V35,

o Loi gidi
Chon A

. ey
C6 goc tao boi duong thing ¢ va mit phing (Oxy) la t“' (Ox) U

(0xy) 43 k'(f-'fH:{‘llxﬁ']']_

goc tao boi mat phiang (a) va mit phang

oo (002 (e (0x) =M (@) (00) = ladon)={(@):(0x)

30
— ol el
(d(r)) =

|u _A|
T

Goi VIPT cia (@) 1 7= (a:bic)a” + b7 ¢

dolu)=uLln=2u-bh-—c=0=c=2a-h

kml:.f[u”—

S =0

Vi
|”A| |1[|'—."]| B an

T T ey o

= 3':1(4”:_ dab+ b i= EFJE.;[.""— dah 2h° i

Cos l[ E:}_ls'_r Joler))=

g+ 2Mabh s 24T = 0 (1[::.' - 1."1}': Y P ——
_i7_1.5
Chon”_f-" ]'J}.
. Al-1:1:2 ={2:—1:5) = () 2x—p+52-T7=0
Véy(a) di qua H-hhz)ed vacod VTPT n=(2:-1:5) () + .
2
g =30 _ g
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Cau 18:
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(THPT Chuyén Hoang Van Thu-Hoa Binh nam 2017-2018) Trong khong gian

cil pes s

{{i.—= =

1(-1:2:1) B(1;2:-3) 5

Oxyz , cho hai diém " - va duong thing 2 = ~1' Tim

vecto chi phuong u ctua dudng thang A di qua diém 4 va vudng goc véi d ddng thoi
cach B mot khoang 16n nhat.

N PR A C e A ()
Loi giai

Chgn A

Tach !5:[1—[]—4}’.!; =(2:2:-1)

r L ; = = 4
Goi H 13 hinh chiéu vuéng goc ciia B lén A, Tac do  (B-4)= BH <B4

Do do ¢ (B2) 160 it khi H=A4=ALd 3 AL 4B,

w,o=| ABu, |= (8- 0:4 P (4:— 32
Ta c6 VICP cia A la [ | } [' ' Do ds chon = (#7%2) 13 vrep
cia A.
. ; cogez M =2=200). A1 2,3
Trong khong gian véi hé toa do “*Y7, cho hai diém M1 1). 40 ) va duong
Pl oy=5 =
d =: =— _
thang 2 2 —1 . Tim mét vecto chi phuong ¥ cua dudng thing A di qua

M | vudng goc voi dudng thing 9 ddng thoi cach diém 4 mot khoang bé nhét.

A W =(221) g, 1 =(L7=1) C_.u'=(:1:(}:2}. D.
w={34-4)
Loi giai
Chon C
AI
d
- A
/<“ chﬁ/
LAY K
|
|
Xét (P) 1a mat phang qua M va (P)L d.
, A= _72) , o, (7
Mat phang (P) qua M{=2=2:1) va cd vecto phap tuyén ny =iy =(2:271) nén co
):2x+2y-z+9=0

phuong trinh: \F

Goi 1 K 13n luot 13 hinh chiéu caa 4 1én (P) va A, Khi do: Ak = AH = const pap
AK

min
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Cau 20:
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: A(1,2.-3
khi va chi khi K=/ Puong thing AH di qua 1(1.2.-3) va c6 vecto chi phuong

(79 )
u,=(2:2:-1) nén AH c6 phuong trinh tham so: *

He AH = H {1+ 26:2+ 2t:-3-¢)

Vi
Lai HelP)=2(1+2e)+2(2+424)— (-3-¢)49=0=¢=-2= H[:—E:—E:—]}.
— — {17
Viy .!.'—H_‘.f—[_].[]._}.
. . ; ez A(=3:0; =13
Trong khong gian v6i hé toa do Oxyz , cho hai diém 4( 0 1}, B(1:-1:3) va mat

(P)x—=21v+22-5=0

phang . Viét phuong trinh chinh tic ciia dudng thing d g qua

A | song song voi mit phing (P) sao cho khoang cach tir B dén d nho nhat.

Ta thiy rang d g qua 4 va d song song voi (P) nén 4 luon nim trong mit phang

(9) qua 4 va () /1 (P} Nhu vay bay gio ta chuyén vé xét trong mit phang () dé

R ) I o T = ] —
thay thé cho (P) . Ta 1ap dugc phuong trinh mat phang (Q)ix=2r=2z41=0 .
(1117
K y (0) 7555
Goi “1»™ 1an luot 13 hinh chiéu cia B 1én va 4 Tatim duoc 4. Ta

ludn c6 duge bat dang thic d(Bid )= BK = B nén khoang cach tr B dén d bé nhét
bang BH .

i3y -l

-

Du’orng thang d bay glor di qua AH nén co phu’O’ng trinh 20 11 4
(KENH TRUYEN HINH GIAO DUC QUOC GIA VTV7 -2019) Trong khong gian

[.x =—|-2¢
:.llI:;

=]+t

OxVZ | cho duong thing 9 c6 phuong trinh L - va diém

vo1 hé toa do
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1. - N ,
A "3) . Mit phang (P) chira 4 sao cho (I(‘J’(P}) 16n nhat. Khi d6 toa d6 vecto
phap tuyén ciia mat phang (P) la
A_.(l;l;l). g, (1:2:3) c. (L-L1) p, (0:1:1)
Loi giai

Chon A

Goi H 13 hinh chiéu vudng goc ciia 4 trén (P) va K14 hinh chiéu vudng goc cua 4
trén @ .

Ta c6: ¢ (A.(P))=AH = AK

Suy ra: d(4.(P)) 16n nhit bang 4K khi va chi khi H tring K .

Khi d6 toa d6 vecto phap tuyén ctia mat phiang (P) la: AK .
K(-1-20l+t)ed va AK =(-2t-2:t-2:1-2)

Lay
AL N PR B, TR B T B P A Y= ) e —
Laico: it =0 (2=2)(22)4 1 (1=2)+ 1{1=2)= 02 1= 0
AR = (T2 i , ' 1.
Suy ra: A (=22 "}. Vay vecto phap tuyén cua mat phang (P) la: (l’l’l).
Cau2l: (CHUYEN PAI HOC VINH-LAN 3-2018) Trong khong gian ?7 | cho hai dudng
".r: |+t ‘.x':ir'
d:qyv=2—t :.'”:--‘_1'=1+.f'

2 "’: _='} ! 2 4 ! \ 2
thang - , (z=atl . Puong thang A it d , d’ 1an luot tai cac diém 4,
B thoa man do dai doan thang 4B nho nhat. Phuong trinh duong thang A 1a

-1 _y-2 =z =4 py =12
A 2 1 3 B. 2 -1 3
v y—=3 z+l -2 y-1 z-1
c.2 -1 3 p. -2 1 3
Loi giai
Chon D.
Ard=A(l+62-tt) Ard=B(2t"1+¢:2+1")
. f ' ' ' [ 3 — [ ]
|ABu=0 [2f—t—1-t'—t+let'—rs2=0 _ |2 -3="2 |I=3
| ABa'=0  |4=20=24141=140-142=0 o= 2e=1 ‘r:]
— ] ] _1|
AB=|-lL ==
4 « 1. I
Suy ra ‘4(2._1._1)’ AN

AB ngén nhét khi va chi khi 4B 1a doan vudng goc chung cia @, d' .

i “ 1. _Hlf.._=-_ﬂll -
Vay A di qua A(2:11) ¢6 vecto chi phuong '~ 248 =(-2:1:3)
=2 y-1_ z-1

= A —=- =
7 ] :2

Cau22: (THPT Chuyén Thai Binh — Thai Binh — Lan 5 niim 2017 — 2018) Trong khong gian

. ez A(=3:0: —1:3 :
vo1 hé toa 36 Oxyz , cho hai diém 1(=3:0 1\,, B(L:-1:3) va mat phang
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(F)iv—2v422-5

3=0 . Viét phuong trinh chinh tic ctia dudng thing d g qua 4,

song song v4i mit phang (P) sao cho khoang cach tir B dén d nho nhét.

cx+3 vy -1 w3 - |
o . = —= oo = — =
A. 20 11 -2 B. 20 -11 2
cx+3 vy -1 S T T E
i == i =—=
C. 2o 11 2 D. =20 11 -2
Loi giai
Chon A.
B
H A
i _
K
Q)
/ /

Q) 1a mat phang di qua 4 va song song v&i mit phiang (P) Khi d6

(x+3)-2(r—0)+2(z—1)=0

Goi mit phing (

phuong trinh cia mat phang (Q) la

oy—2r4 2-41=0

Goi H 1a hinh chiéu ctia diém B 1én mit phang () , khi d6 duong thang BH di qua
B(1:-1:3) A, =(k-2:2) . . ) £ 13
&) A lam vecto chi phuong c6 phuong trinh tham so 1a

va nhan

[.\:ln‘

Ty =—1-2

{:=3~12£

_ —_ . M e [ —TFpr 34

vi H=BHQ) = gepy = H{In-1-203+2) He(0) nén ta oo
10 _ g LIL T

(10)=2(=1-2)+2(3+ 2)+1=0 =75 7 7§79 79)

(26 11 -2 |,
_~>.eafr’_ilF.H.TJ:G[.j.:u;]];_j}

Goi K 1a hinh chiéu ciia B 1én dudng thing ¢, khi do
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6 d (B:d )= BK = BH

Tac nén khoang cach tir B dén d nho nhét khi BK = BH , do

. L TR T
d6 duong thing @ di qua 4 va c6 vecto chi phuong (20:11:-2)

v+ 3

c6 phuong trinh

(o . =—=

1
chinh tic: 20 11 -2
(THPT-Phiic-Trach-Ha-Tinh-1n-2-2018-2019-thi-thang-4) Trong khong gian @7
e+l v-5 =

A =

B 1

C ez A=2=200), B(1:2:-3) L, 2 .
cho hai diém ~* - va dudng thang . Tim
vécto chi phuong cia dudng thing d gi qua 4 vudng goc véi duong thang A dong

thoi cach diém B mot khoang cach bé nhat.
A :}(:2:_2:_—1). B_.E(I;O;Z]. C.E(E;I;G]. D.
w(25:-29:-0)

Loi giai
Chon B

* Goi (P) 12 mat phang di qua 4 va vudng goc véi A.
Chon no o=, =(2:2:-1)

Tl P T s P e e I (s Ty Ty = 4 O —
=(P) ¢6 phurong inh: 2(FF2)+ 20+ 2)= (z-1)=0 25+ 2y-2+9=0
Khi d6 moi dudng thing 9 di qua 4 va vudng goc A thi ¢ ndm trong (P)
« Goi K+ 1an luot 13 hinh chiéu vuong goc cua B 1én d va (F).

Ta ¢6 khoang cach tir B dén @ 1a BK = BH =d(B.(F))= o
Dau bang xay ra khi d g qua 4 va H .

« Tim H 14 hinh chiéu vudng goc cita B tén (F).

B(1:2:-3)

Puong thang ¢ di qua va vuong gbéc voi (P) , ¢6 phuong trinh: *

Cé H=an(P) =2(1+2¢)+2(242¢)=(3-1)+9=0=9+18=0 ;- »

> H(-3:-2:— CAH=(-L0:=2) , ,
=M= ]}Va L = (L0 }lam(_)tvectcchlphuorngcuad.

ci1e0-
Vay mot vécto chi phuong cua dpt (1:0 ’“).
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(THPT NINH BINH - BAC LIEU LAN 4 NAM 2019) Trong khong gian @ cho
Cx=2 y+l =z
T IR e A(22) Ly
dudng thang =1 = I va diém %) Goi A 1a duong thang di qua
vuong goc voi @ ddng thoi khoang cach giira @ va A 1a 16n nhét. Bidt V= (@14) 13
mot véc- to chi phuong cia A. Tinh gid trj 4 +0
A. 2. B. 8. C. 2. D. 4
Loi giai
Chon B
d
ANA
I
(P) 1y e s A coa g = (Pt 2y z-2=0
Goi la mat phang qua > vudng goc véi - ' Suy ra
Ac (P)
Goi f=dnlp)=I{LLL) , »#1 13 hinh chiéu vudng goc ciia I 1én A.
Taco A== il bing xay rakhi H =4
d o5 VICP u, = (—1:2:1) A= (1:0:1)
i (d A= s w=|u, 04 (= (212220 Ty
vay MU= 400 A 66 1 vTCP 12 1] ma V=GP g
VTCP ctia A ngn V= "2 = d="4b="F= a1 h=—%
A . £e 1A ~ Oxyz < 2 [.1”}:1."."_1'-:—3=[] \
Trong khong gian véi hé truc toa do -, cho mat phang * va
. 2 A(I,E,Z) . .. -2 , - 2 (P) \ oy . X \
diém . Goi M 1a giao diém ctia mat phang va truc . Viét phuong trinh
duong thang d pim trong mit phang (P) , di qua M sao cho khoang cach tir diém 4
dén duong thang d ¢o gia tri 10n nhat.
v—-3 =z p—3 =
d: == = d:1—= =
A, -1~ B 1 -3 1
V=3 = v—3 =
(a.—=- =— o —= =
c. 2 -3 -l p. | 1 =3
Loi giai
Chon A
Vo= Plrvor = M{0:3:0 . . n \ n , NPT n \
M=(F)or fl ) . Goi H 1a chan duong vuong goc ha tir diém A 1én duong
thang d.
, AH=d( Ad) -, ., Ao AHM o
Ta co : . Xét trong tam giac vuong co

AH < AM = AH max = H=M

= (Aud ax o= AM L , , .'.'_,_=[.f.1:‘-.17: Ji'_:|
(A ) max = AM L d . Suy ra vecto chi phuong cua d: .
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Y .
Cau 26: Trong khong gian véi hé toa do OX—VZ, cho 2 diém Afl:4:2). B8(=1:2:4) va duong

v—1  v+2 =

thang -1 I 2 . Viét phuong trinh duong thing A qua 4 cit d sao cho
khoang cach tir B dén A 1a nho nhat.

[.\:l—l:?; x=1-5t x=1+51 x=1+15
cv=4—18¢ sy=4+8¢ sy=4-8¢ s v=4+18¢
-_ 7 _jc L-:ﬂ_ R -_ 7 _ 1«
N l_ 2 l};_ g =2 9t c. 7=1 9;“ p, 772 l}:.
Loi gidi
Chon D
=1 y+2 =
, o —= = — , \ 7. C_(_1. LA
Puong thang -1 ] 2 di qua diém M(1:-2:0) va nhan i=(-112) lam
mot véc to chi phuong.
) P11 AN — (1 —
Goi (P) la mat phang chtra d va A Khi d6 i=(-1:1:2) va M (0:=0:=2) khong

\ N < . P . , I
cung phuong va cé gia song song hoac chira trong ( ) . Suy ra c6 véc to phap tuyeén cua

, =AM | =(10:- 226
mat phang (P) la o [” ] [' 1}.

L (P S 3-—T=
Phuong trinh mat phang (F):3v=pe32=7=0

Goi K. H j3n luot 12 hinh chiéu vudng goc cua B trén (P) va A, ta luon c6 BH =z BK
,suy ra BH nhé nhat khi H tring K .

K -
H
P A d

(BK):qy=2-t (teR)

, -=441
Puong thang qua B vuéng goc véi (P) c6 phuong trinh: (F=d 3
K 1a nghiém ctia hé phuong trinh
Toa d6 diém
,1
= —
35
=—1+5¢ x=—1+5¢ 5
‘1=1—= v=2-1 =TT (5 68 140
" P o B —r—
=4+ 3% z=443 08 L 7735 35
VY =—
Sx—y+3z-7=0 S(—1+58)-2+t+3(4+3)-7=0 35
_ 4o
R
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Lp—

L
[
Lad

AK=|-=- 20 i, =- AR
L7 5 35 2 . A(l4:2 t /
Ta co N ’, duong thang A di qua A(L4: ),nhém 4
hay u, = (13:18:=19) lam mdt véc to chi phuong, suy ra c6 phuong trinh
" v=1+15¢
(A)qr=4418" (t"eR)

‘::1—]‘3‘."

ONZ | cho mat phiing (P):x+y-z+1=0

Trong khong gian vi hé truc toa do , diém
x+l y z-4
A(l;—l;2) \ \ 2 ) _T_ -3 X . \ o d a
va duong thang . Viét phuong trinh duong thang ¢ di
qua 4 song song voi (P) sao cho khoang cach gifta 4 va A 16n nht.
x=1+40¢ x=1+40¢
d:sy=—1+29¢ d:qy=-1-29
A z=2+69t ‘ B. z=2+11¢t
x=1+t x=14+21¢
d:3y=—-1+2¢ d:iy=—1+10¢t
C. z=2-3t . D. z=24+31t '
Loi giai
Chon A

Mit phing @ qua 4 va song song véi (P) ¢6 phuong trinh: ¥ TV ~? +2=0

:dc(a)'

Puong thing A c6 vtep 1a ﬁ=(2;1;_3)’ (@) co vipt la n, :(151;_1)_
x=—1+2t
Ajy=t

Phuong trinh tham s6 cta z=4-3 .
Goi B 1a giao diém ctia A va @, Toa do diém B {mg véi ! 1a nghiém phuong trinh:

1 15
—1+2t+t—(4- 2= =—=>B|0—;—~
+2t+1—(4-3t)+2=01 5 ( 5 2)
r \ < A \ \ 2 . 7. 2 5 A \
Xét duong thang ~! 1a dudng thing di qua 4 song song v4i A. Phuong trinh cua ~' 1a:
x=14+2¢

y=—1+t
z=2-3t

Goi H 1a hinh chiéu vudéng goc cua B 1én Al:H(l+2t’_l+t’2_3t),

BH =(1+2t;t—%;—3tj

ﬁ.ﬁ=0@2+4z+t—3+9t:0©t=i
2 28

Ta c6 .
ﬁ:(ﬁ-ﬁ-ij— L 26;,-43,3)= 14

Khi do 14728 '28) 28 28
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Cau 29:

Cau 30:
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Puong thing d ¢4 vecto chi phuong Ha = [ul;n ]= (40;29; 69)

x=1+40¢
d:qy=-1+29t
Phuong trinh dudng thang Z=2+6% .
Cx=1 oy z+l
i — ===
Trong khong gian Oxyz , cho dudng thang 2 I =1 vahai diém
AE2:3: B(=1:002 , ,
Al 2:3):5( ]'[]"}. Phuong trinh dudng thang A di qua B, cat d gao0 cho khoang
cachtir 4 dén A dat gia trj 16n nhat 13
e+l oy z-12 v+l oy z-12
A3 T4 B. 3 1 4
x+1 _y z-2 x+1 _ p z-2
c. -1 1 -l p. & -~ -4
Loi giai
Chon D
A
(P)
Tacy C=d = C(L0=1)= f&f‘:[jz;u;—z},uj =(2:1:-1)

Goi (P) 12 mat phang chira B va duong thing d . Goi H 1a hinh chiéu ké tir 4 xudng

7 » , 7 —n=|BCu, |=(3-42)
mat phang (P) va ' 1a vecto phéap tuyén cuia mat phang (P) [ ' ] ' .
Goi K 1a hinh chiéu vudng goc ké tir 4 dén duong thing A. Suy ra d{4:A)= 4K .
Ta thay A4BK vuéng tai K nén 4K = AB

= AK dat gia tri 16n nhat khi K tring v6i B, khi d6 4K = A5

w,=| Bdin |=(-8:1:14
Dodo: [ ] [' i
x+l oy -2
Vay phuong trinh duong thang A: & -1 ~14
R . Oxyz e (P 2i—vi2z—0=0 . . ..
Trong khong gian cho mat phang * va hai diém

A5 =2 3 A
.![__. _.("l}..lrf[__.. _.]}'Tim diém M thu@C (P) sao ChO:

1. MA+MB nho nhét
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o £ <
]:'_| _H'__]:—E"_
l

14 |
) STRE TRV

.w:'_:—
c. M

| =

Cau3t: 2. MA=MB| o L&

Loi giai.
Chon 1.1.D ; 1.2.A.

Mit phing (£) co TP = Z=12) 1 yrpy

Thay toa d6 hai diém A B vio vé trai phuong trinh cua (P) ta dugc 18 va 4 nén hai

A'B nimvé cung mot phia so véi (P).

Cau32: 1.Goi A’ la diém déi xtmg véi A qua (P) khido A' va B & khac phia so vai (P) va
v&i moi diém M € (P) taco MA=MA"

diém

Dodo VM €(P):MA+MB =AM +MB>A'B 15 A'B khong dbi va ding thirc xay
rakhi M =A'BN(P) guyra MA+MB nho nhit < M =A'BN(P)
X=5+2t
AA'L (P)=> AA":Jy=-2-t

Ta co: Z=6+2t

Toa d6 giao diém H cua AA' va (P) 1a nghiém cua hé:

xX=5+2t

_ oy x=1
Y= ={y=0=H(1;-1,2)
Z=6+2t 29

2x—-y+2z-6=0

2 Zp =22, —Z5 =2
H 1a trung diém cua A H "A

X=-3+06t
A'B:ly=2-4t ,terl
Suyra A'B = (6,-4:3) phuong trinh z=-2+3t
2
X=-3+6t X=11
y=2-4t 14
= y=-=
z=-2+3t 11
2x-y+2z-6=0 z=1—51
Toa @0 M 1a nghiém cta hé
(21 14 5"
.H;_:—_:_|
vay T 1D Ty didm cAn tim,

Cau33: 2.Vi 4B nimvé cung mot phia so voi (P) nén vei moi M e (P) ta1uén c6
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AM - MB|< AB

, ddng thirc xay ra khi M =ABn(P)
x=5-2t
AB:jy=-2
Phuong trinh z=6-5t
x=5-2t o7
_ 5 7
M : y= = y:_z
Z=6-5t 3 N .
2X-y+2z-6=0 z=—7 _\;;T;_j-_:|
Toa do Vay

, , _1-n- ..
Cau34: (Chuyén Ha Tinh - 2018) Trong khong gian O7 | cho ba diém 1 (~10:1) B(3:2:1)

5.3 . M(a.b:c . 2 ) 1c -
, C(:"};'?). Goi f(a:b ‘) 1a diém thoa man MA=MB vy MB+ MC dat gia tri nhd

nhat, Tinh P =a+b+c¢

A. P=4, B. =0, Cc.P=2, D. =5,
Loi giai
Chon D

I(L1:1) AB=(4:2:0)

b

(er):2v41v=3=0

Goi ! 1a trung diém cta 4B, suy ra /.
Phuong trinh mét phang trung truc cua A8 :

(2341.2-3)(2.541.3-3)=50>0

A M XA ; o\

A% nén B, C nim vé& mot phia so Vol( ),suy ra
M X . , e \ X

A C pim vé hai phia so voi ( )

Diém M thoa man MA=MB khi M €(@) ki de MB + MC = MA+ MC= AC

MB+MC nho nhét bﬁng AC khi M=ACN(a }.
[.\' =142
2 F = 2 9
Phuong trinh duong thang AC. L L= , do d6 toa do diem M 1a nghiém cua hé
(x=—1+2¢
e
=1+ 2t

phuong trinh ' =" y-3=0 .Suyra M(LE3) poyihy c=5

Cau 35: (THPT Chu Van An - Ha N¢i - 2018) Trong khong gian Oxyz , cho duodng thing

b 1y =

y=l_

A= =

— ) s T 1y ; ,
I I I' va hai diém A(l:2: 3}, B( 1"0"“\". Biét diém M thudc A sao cho
biéu thirc | & IB‘ dat gia tri 16n nhat T . Khi do, T bang bao nhiéu?
— 5 = ) = 7 -3 =13
A. ?Tr_.a\: =57 B. max 3 C. I yets N0 =3 D. ?;1'_.1\: JJE

Loi giai
Chon B
Do M thudc A nén M1 i:a‘}'
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Khi dg VA= 300 27 = f3(1—1) 14,_”‘,5?: Arto
vea— vB|= 3 (1= 1)+ 24-V37 o

Do do .

o u= B = (B
Xét hai véc to v " va \ "
Ta C(’) HH|_ : L ||!|I . I.I|=3€ nén max :3 .

C s c=(B=e 23 v= (B
Dau bang xay ra khi ! l:J_[ ) J_’ va H'_ I}nguqc huéng hay 7 =1.

Cau 36: Trong khong gian Oxyz" cho =(1:=1:0) va hai diém A(=:T LJ}, B(4:4 :D}. Gia

st M | N 13 hai diém thay doi trong mét phang (O"W) sao cho MN cung hudng voi a

va MN =52 Gia tri 10n nhat cta |AM BN ‘ bang

AT B. V77 c. V2-3, p. V82-5,

Loi giai
Chon A
Vi MN cing huéng véi @ nén =3¢ =0 MN =ta

My =502 = r.|[}|: 52

MN =(5:-5:0)

Hon nira, < 1=35 Suyra
(v +d=4 V=1
P 1f—?:—q‘t>- 1':2
A X)) ez Y z'-3=0 ‘:z"_.r"zlzi
Goi g . )la diém sao cho A4 =M\ 3 = Al )

X 1A , 4 A M | ; feo 2 Oxy . , A ;
D¢ thay cac diém A" B du ndm cung phia so véi mat phang (0 ) vi chung déu cé
cao d6 duong. Hon nita vi cao d6 ctia chiing khac nhau nén duong thang 4'B luon cit

mat phéng (Oxy) tai mot diém ¢ dinh.
AM = BN|=|4'N - BN|= 4'B

khi N 1a giao diém cua duong thing 4'B v6i mat phing (OXJ‘)).

b o MaX [4M — BN|= 45 = JEA-1) 42y 1 (5-3) =17

N=AB~({Ow)

Tir 44" =MN suyra AM = AN nen | déu bang xay ra

, dat duoc khi

Cau 37: (Chuyén Ngoai Ngit - Lan 1) Trong khong gian véi hé toa d6 Oxyz, cho mit cdu

thudc mit cau (S) sao cho EM + EN dat gid tri 16n nhat. Viét phuong trinh tiép dién cua

va hai diém

mat cau (S) tai E.
A Y2yt 22+8=0 B.
C. 1.'-.'-1_1'-:-]=[]. D. .
Phwong phap giai: Dung hinh, ap dung cong thirc trung tuyén dé bién luan gia tri 16n nhét
Loi giai:
Chon D.

(S)e(x=1) +(v=2) +(z=2) =9 1(1:2:2)

Xét mit ciu co tam , ban kinh R=3,
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, — AT — 5w 1 — M A |- xS
Ta co6: MI=NE=3\5>3=R suy ra M,N nam bén ngoai khoi cau( )

A x, (S
Goi H 1a trung diém cia MN H(5-2:4)

Lai c6
pé EM +EN gat GTLN thi £H dat GTLN.
Khi d6 E 1a giao diém ctua IH va mit cau (S).

va

(EM o+ ENY <(F B EM® + ENY)=2| Ef°

_EM’+EN’ MN’
2 4
MN™

EH?

. . 2 A qen L=, = aJf = hiH = (dh:—4h:2h )
Goi (P) 1a mat phang ti€p dién cua (S) tai E vl ' .
N g as Lo oas g i, =(2:=2:1)
Dua vao cac dap an ta thay 6 ddp an D, "'
Vay phuong trinh mat phing can tim 1a 2r=dytzi9=0
097 cho mat phing (7777370 b digm AT

Cau 38: Trong khong gian
B(7;3:9)

tri nho nhat. Tinh 20— 1056+ ¢

62 27
A. B. 9
Li giai
Chon A
+ Goi [(x.y:2) 1a diém thoa man 4 + 215+
" A= (3-xl-yil-z)
IB=(T-x:3—1:9-2)
I =(2-x:2-312-12)
Taco * ' )
xX=
(23-b6x=0 <= V=
JA+ 218 +31C =0 4 [3—6y=0
_15—("::[] - =

+

|77 + 2845+ 37 -

oM/ + 14+ 218 +31C p‘

¥+ 2048+ 30T

o e Pis o | , R
Vé (_ (\A-A.A). Dlém _1!(({.!’7‘.[} trén

(P) |.i,r'.lz' L IMB 3.\'EE| .

sao cho

46 43
C. 9. D. 9.
]
23
3
13
o
15 (23 13 250
= ———
4] l'a 6 6 ]

fn.\ﬁ|: oM T

+ Goi dudng thang (d) di qua / va vuodng goc (P)

F 17

I —
1 I::\I

]:2 L

Ta co () di qua 00 va nhéan

uigeli.xyz

n, =(L11)

lam véc to chi phuong.

Trang 57
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dat gia tri nho nhat < M 13 hinh chiéu cua / 1én mit phang (P) .



Cau 39:

Loi gidi
Chon B
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23
r=—+1i
{1
. 13
(e )iqy=—11
i
25
I=—+¢
Suy ra phuong trinh !
. (23 13 25 0
Meld) M| —+ti—+ti—+t
. l\. I:" |:‘| I:"I i
313 25 43 (3.2 ]lir-|
e S+ 22 =320 - PENG ¥ § et i
Me(P) xli'l Ir 0 Ir 0 Ir = 18 L9 9 9/
13
a=—
Q
7
h=_—_—
q
16 02
O=— 2a—-10h+c=—
Dodo L Y = 9

3MA- 3..-1'-,%B'|

Trong khong gian véi h¢ toa do Oxyz

(Plix+r+z—=1=10. Goi.‘uf[u:h:r}e[f‘}

sao cho dat gid tri nho nhét.

Tinh & =%a + 3b + 0c.

A 4. B. 3, C. 2 D. L.

Goi 1UMP) 13 didm thoa mén: 3[4-21B=0.
A== = Y=V [B=(3=mr =" —1—
Ta c6 A=(l-m—-m2=phIB=(3-ml-n—-1-p).

-3[]—-’.?!}—1(3—!1.'}:[] = —23
H—n)=2l-n)=10 —

2=p)-2=1l=p)=0

F.F.E—Lré:ﬂ«:_x ”=—1 — ‘r[_}f‘-_j:;\;}_

‘ p=8
Taes |3.\'f.ﬁ —1.1ff§|=|3r_.\ﬁ CIA) = 2(MT ;E}|= |.\'ﬁ|=.w_

3MA-2MB . .
| dat gia tri nho nhat, M e(P) < MI ypg nhat, Me(P)

Khi do,

< M 13 hinh chiéu vuéng goc cta / trén (P).

Goi A 13 duong thing qua I va vuéng goc véi () Khi d6 A nhan vecto phap tuyén
" v=—3i

cia P13 7= 1D 3 vecto chi phuong
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Loi giai
Chon C

uigeli.xyz

Toa do Mia nghiém cua
¥
=73 Rl
t=-3+1 o |TTF
y==2+t T3 g
= —ih=—— = 5=93+30+0c=3.
I=8+t A 3
‘--1'-:—]:1’] 1__-? 22
| n o [T
::3__
(Chuyén Phan Bgi Chau 2019) Trong khong gian véi hé truc toa do 0%, o mat
. .1..1__ ':,'._’1 .‘.I-_I .‘.=k o, -3 -1 L
cau (S)le=tp ele=2) ez d) =9 va hai diém AH’?’I), 8(3']'3);M1éd1ém

A A S . \ .7 s 17 A \ .7 . 5 A 5 R )
thay doi trén ( ) Goi M,y gia tri 16n nhat va gia tri nhd nhat cia biéu thuc

P=2MA" - MB"  Xac dinh (m=n).

A. 04, B. 03, C. 60 D. 48,
P A 1B =0. qig o [ (¥1022) .
Xét diém / sao cho: = - Gia su ta co:
JA(4— 3= vil— 2} IB(3— 1= 13— ).
1[—1—.,}:}—.,
2IA-1B=0e12(3— p)=1-v e [{55-1).
2(1-z)=3-:

Do dé: -
(. poana v = (M IA) = (T B )
(204 1B+ 2MI (204~ IB) = MI® + 2014 — 187 + 2MI (214~ IB)

=M~ + 214 — 1B,

Do I ¢b dinh nén 178" khong ddi. Vay P 1on nhét (nho nhat) = M1’ 1¢n nhét (nho

nhét). < MI 1¢n nhat (nho nhat) < M 1a giao diém cua dudng thing IK (voi

K(L2=1) ooa o s s A
la tdm ctia mat cau (S)) voi mat cau (S).

Ta c6: MI di qua 1(5:5:-1) va cb vecto chi phuong 13 Ki1(4:3:0).
x=1+4¢
T y=2+3t
Lz—l.

Phuong trinh cua MI la: *
Toa d6 diém M can tim tng véi gi tri t 1a nghiém cta phuong trinh:
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3
|'=t
(T4 4e=1) +{2+3=2) +({-1+1) =925 =9 ?1
t=—_.
5
3 (17 19 ) .
(===M | —i—:=1|=M1I=2(min)
Véi 2 |\. b I 4
3 i 71 )
t=—==M | -—i=i-l |= M, =8 (max).
Véi “' ||\, :\ :" A B
|m=1r. =45
] P 15 = m—n= 00
Véy xn'i'— pin — s
7
Chyzcho A(4=-a6}’

Cau41: (Chuyén Nguyén Trii Hai Dwong 2019) Trong khong gian
4. 4.9 ()t 2y— 37— T= VIRV . :
B(2:42) JMeta)as2v=3227=0 g cho MAMB nho nhét. Toa do cia M bang

| EL}I:_U?".I 5
A LI313713 B(4;31)
(37 -50 68
C(13;4). p 3 3 3
Loi gidi
Chon B
B
I
A/ _____
jul
H M

. T30 . . ,
Goi ! 1a trung diém AB = 1(314) Goi H 1a hinh chiéu cia / xubéng mat phang

(@),

 MAMB =M+ [A).{MI+ IB)= MI* + MI.( 14+ IB)- 14> = MI* - I4°
Ta co - o ' - ' .
Do /4 khéng d6i nén MA-MB nhé nhat khi MI nho nhat < Ml =1H — M =/

Goi A 1a duong thang di qua { va vudng goc v6i mat phiang (a). Khi d6 A nhan

[.\'234—!

cy=1+2
= (123 S=4-3
i = lam vecto chi phuong. Do d6 A ¢6 phuong trinh '~ 4-3

HeA< Hi(3+0l+264-31)

Helo)a (301 210 20)=-3{4-31)-T=0= =1« H(4:31)

Viy M (4:3:1)
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Cau 42: (Chuyén KHTN 2019) Trong khong gian vi he toa do OXVZ ¢ho ba diém

e sy 1 . "fx—jx-'_ :I.: P _ ¢
A(S5-11).B(%3-4).C(L:2: Mvémétcéu['j'}[' J o (v=4) +(z+1) 3'.

 Miabe : MA —MB — MC
Goi diém M (a:b:c) la diém trén (S) sao cho|

Hay tim @+ .

dat gia tri nho nhat.

A6 B.2 C. 4. D. 9.
Loi gidi
Chon B
q - e N
Goi NV 1a diém théa man VA - NE-NC=0 guyra N “"0’1}.
Khi do6:

|.\'f.r_z ~ MB —.\ff‘|:‘[j.ﬁf ¢ NA)—( MN + NB )—( MN + NC }‘: ‘[ NA-NB - .‘é"c':}—.\'ff‘: MN

Suy ra jprd 45 ~adc nho nhét khi MN nho nhét. Mat cdu (5 co tam £ (2471,
suy ra:
‘ =2+2t
Ni=qv=4+2

r A — Y _1—_
NE=(4h4-2)=(2 L ! . Thay phuong trinh NI vao

=1
i=-1

-1 . Phuong trinh

¢ (20 +(2) -[:—r}:=k1'a_‘>r’=]q_{
phuong trinh (5) ta dugc:

’ R A, NV (F0-2) AL (00200
Suyra M cit (S) tai hai diém phén biét ° F072) N }.

N
W C

B

\\ - NN M= '\'2 M ( 0:2: 0)

Vi > nén MN nhé nht khi va chi khi 1 diém can
tim.
Suy ra: @+ b=2.

Ciu 43: (Chuyén Lé Quy Pon- Quang Tri -Lin 1) Trong khong gian voi hé toa d6 Oxyz, cho

A(1;1;1),B(0;1;2),C(-2;1;4) (P):x—y+z+2=0

Vay

ba diém va mat phang . Tim diém

Ne (P) sao cho S=2NA’+NB’ + NC dat gia tri nho nhét.

4 4 153
N| —=:2— N| —=5—— .
A N(=2:0:1) B. ( 3 3) C. ( 274 4) p. N(-L21)
Loi gidi
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Chon D

Goi M(asbic) théa man dang thic vecto 2MA +MB+MC =0
=2(1-a;l-b;l-c)+(0—a;1-b;2—c)+(-2-L1-b;4—c)=0

a=0
& (—4a;4-4b;8-4c)=0< 1b=1=M(0;1;2)

c=2
Khi @6

—2 —2 —2 2 —\2 _ —\2

S=2NA”+NB’>+NC>=2NA +NB +NC =2(MN+MA) +(MN+MB) +(MN+MC)

= 4MN?> + 2W.(2M—A+M—B+M—C]+ 2MA? + MB? + MC?

0 const

— 4MN? +2MA? + MB? + MC’

const

S, ©MN . <N

Suy ra Sn P)= MN L (P)

14 hinh chiéu cua M trén(
, 3=}’—_1=Z_2:>N(t;1—t;t+2)
Phuong trinh duong thang MN 1a 1 —1 1

Mi memp(P)Suyra t—(1-t)+t+2+2=0=t=-1=N(-1;21)

A(1;2;2) B(5:4;4)

OxXVZ | ¢ho hai diém , va mit phing (7).

Cau 44: Trong khong gian toa do

2xty-—z+6= O. Goi diém M(a;b;c) thudc (P) sao cho MA* + MB? nho nhét. Khi
do gid trj @+b+¢ bang
A. 3. B. 3. C. 2. D. 4.

Loi giai

Chon A

Goi 7 1a diém théa man: /A+1B=0 Khids 7 1a trung diém ctia 4B nén 1(3;3;3)

—\2 —\2 —_ ——\2 —  ——\2

MA2+MBZ=(MA) +(MA) =(1A—1M) +(IB—1M)

— A%+ IB* +2IM > —2W(H+E)=IA2+H32 +2IM>
Vi I4” +1B” khong ddi nén MA” + MB® nho nhit khi IM nho nht.

< M 13 hinh chiéu ctua 7 1én (P ).

1(3;3;3)

Khi d6 duong thang IM qua va vuong goc voi (P) nén c6 phuong trinh:

x=3+2¢
y=3+¢
z=3—¢

Toa d6 giao diém ctia dudng thang IM va (P) tmg vé&i ! 1a nghiém ctia phuong trinh:
2(3+21)+(3+1)-(3-1)+6=0=6:+12=01=-2

M(-1;1;5)

Giao diém tim duoc chinh 13 hinh chiéu cua 7 1én (P) Vay nén

a+b+c=5
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Cau45: (THPT - Yén Dinh Thanh Héa 2019) Trong khong gian @7 | cho duong thing 9
x=1-t

1.1'22-1-!

- i A(6:0:C );3;0) C(0;0;¢ . M(abc
c6 phuong trinh | L U)’B(U%U)’((\U 0 Jf)‘GQ1 I(a:b:c)

la diém thuoe @ sao cho bidu thite ©"=MA" + 2MB” + 3MC” dat oi4 tri nho nhét, khi do
a+b+c béng

A 3. B. 4. C.l. D. 2.
Loi giai
Chon B
N e
vi M ed nén gia str M{l=62e ”.
Ta co: MA =30+ 14429 MB =3 =4+ 2 MC™ =3¢ + 10t + 21
= P=MA"+2MB" +3MC* =18+ 30t +90 = 18{¢ 4 1y +782 78
Do dé "= MA" +2MB™ + 3MC” dat gia trj nho nhét khi va chi khi f = —1, khi do:
M({ZLl)=a+htec=4
A . NP . . A . Oxyz > 4k A(3:-2:3)
Cau 46: (Lé Quy Pon - Quang Tri - 2018) Trong khong gian =, cho < diém ,
Cox=1 p=2 =-=3
:0:5 ) o =- = L,
B(L0; )Vél duong thang ] -2 2 . Tim toa d6 diém M trén duong

thdng @ @& MA" + MB" dat gia tri nho nhét.

A M(1:2:3) g, M(2:0:5) c. M(3:-27) p. M (3:0:4)
Loi giai
Chon B
I=(2:-1:4)

Goi ! 1a trung diém cua 4B, ta co
‘ ‘ . ----.‘.:'1.._- r_ .‘.._- 2
Khido: MA™ + MB™ = MA + MB (M dd) (M1 B )

=OMIT A IB S 2MI(IAGIB) e ey

Do d6 MA™ + MB" dat gi4 tri nho nhit khi va chi khi MI c¢6 d6 dai ngén nhat, diéu nay

xay ra khi va chi khi M 1a hinh chiéu vuong goc ctia ! trén duong thang d.

Phuong trinh mit phang (P) di qua ! va vudng goc véi duong thing 4 1a
I{x=2)=2p+1)+2(v—-4)=0 x=2y+22-12=0

hay (/)5

X +i

[

!

—

1

2
R
3

(]

+ 2

Phuong trinh tham s6 cta duong thing d ;!

Toa @0 diém M can tim 1a nghiém (x; s Z) cua hé phuong trinh:

uigeli.xyz Trang 63



uigeli.xyz

r=1+1¢ r=2
y=2=-2¢ =1
‘::3-1.' Lﬁ‘::‘?
_9 Ao _ A (00
2y 2mm12=0 = e M(20:5)
r—2 1 1 Z
o . = = -
Cau 47: Trong khdng gian v6i hé toa 46 9¥V7 | cho duong thing ! 2 3 vahai
9 2. 0: 23y My
diem A(“'O'B), B2 } Biét diém V(X030 20) thuoc @ thoa man MA" + MB*

w1 K e X
nho nhat. Tim “°.

x, =0

©
o‘«"(
Il

y=]

A 5L B. %
Loi gidi
Chon D

Goi ! 14 trung diém cua 4B . Khi d6 ta co

‘ (oAt (L Aty
MA* + MB' = (MA* + MB®) —2MA"MB* =| 2Mm1° + | -2 I =

—anrt o a2 ot wras - 22
2
Y Y
—onrt 3w agt s 2 ol A L e
' | 4 ! 10
Do d6, MA" + MB" dat GTNN khi MI nhé nhat < M 1a hinh chiéu vudng goc cua 1
lén d.
, (2 _1- , (4 =14 3 A =(t 23
Diém I(2: 1‘0).Lﬁy M(2+ -1 _.f._..f}ed. IM =(#:2¢:3¢)
IM L, e IMau, =0 e+ 4019 =0e1=0
Suyra M =1,
Vay Yo =
Ciu 48: (THPT An Lio Hai Phong 2019) Trong khong gian voi hé toa d6 Oxyz, cho 3 diém
3 =71 ) (PYovd v4 o4 2= . L
AL 23 B (0 L), C1:0; _}Vémétphéng (P)ix+ y+ 242 n.GQlMlédlémthuéc

2 IRy ., T= 42 11 "2 X A ;
mat phang (P) sao cho gia tri cia biéu thurc F=MATH 2MB™ 1 3MC 116 nhét. Tinh
(@):2x—y—2-+43=0

khoang cach tir M dén mat phang ' - ?
25 121 91
A 3 B. 4 C. 24 D. 54

Loi giai
Chon D
. 1. b c .2 44218 +31C=0
Goi [(a: )’() 1a diém thoa man [A+ 218 +3IC _ﬂ.

Tacg (1@ 2=b3=c) B (—ail =il =) JC(1—az—bi=2=c)
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N
n':%
l-a—2a+3-3a=0 (g =4 *1
Qe A2 hy 2 _2H_3h=0 ] ob=4 = h==
‘}—r.'- 2—2e—0-3c=0 ‘l‘(‘lr_'z—] - L (22 0
L=—— .Ilr‘ T:T:——
b L33 0

Ta chimg minh duge | = OMI™ #1471 21874 31C7 1, 46 T dat GTNN khi MI dat

GTNN < M

MI:

Ta c6

MeMi=M

-

15

— M : -

Cau49: (THPT Cim

B(2:1:-1) C

1a hinh chiéu vudng goc cia 7 trén mat phang (P).

L

_:f]-:;_'*sf:—_

2
| i -
| 3 i 18

1 : 9 19
== | Me(Py=3t4
o) '

-

%
=43
9 7| 91

_a

1;'_%'|;W'i-”:iﬁ.f_i'}'r=‘ ”
8 9 '

3

Giang 2 2019) Trong khong gian Oxyz , cho ba diém A10:=5:8) ,
(2:3:0) (F)ix+2

' -
3 < 2 ¥V— &z
va mat phang * :

g

U Xeét M 1a diém thay déi

trén (P) sao cho MA" +2MB™ +3MC gat gig trj nho nht. Tinh MA™ + 2MB™ + 3MC

A. 54
Loi giai
Chon B

Goi I(x;v:2)

Tac

‘[j—m—_-f} F2(2-x)

"

Khi do,

5 JA=(—10-x:—5— 1:8-2)

(8—=z

B. 282 C. 256 D. 328

1a diém théa man 4 + 2iB+ 3IC =10

IB=(2—xil—vi-1—-z) IC=(2—x3- 1i—2)

b

3(2-x)=0

{.\':0
(=5—p)+2{1=p)+3(3-1)=0 | =1
)+ 2(=1=z)+ 3(-z)=0 L":l — 1(0:1:1)

Vé6i diém M thay d6i trén (P), ta cod

MA*
= OMI" + I4°
= OMI™ + 14
Ta lai c6 14
Do d6, M4°

< M 13 hinh

P IMB 4

apes = (M IA) 2[4 1B ) 4 3(MT 4 IC )
+ 2187+ 31C7 + 2MI 1A+ 2B+ 3IC

$ 2B 3ICT (yi 144 2B+ 3IC=0),

2B +3ICT=185428+39=228

P IMB” 1+ 3MC dat gia tri nho nhat < MI dat gi4 tri nho nhét

A . ~ (P
chiéu vuong goc cua ! trén ( )
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Cau 50:

Loi giai
Chon A

Cau 51:

Loi giai

uigeli.xyz
Khi do, Mi :u'(f.[jf*}}:z_
Vay gid tri nho nhét cia M4~ + 2MB™ + 3MC” ping
6MI® + 228 =6.9+228 =282
Gié tri nho nhét caa MA™ + 2MB” + 3MC dat duge khi va chi khi M 14 hinh chiéu

vuong goc cia { trén (P)

xX=t
sy=1+2t

5 - _n
Goi A 1a duong thang qua / va vudng goc véi (P) Phuong trinh coa A: '~ =2 .

Taco M =40 (F)

{4 1[] t 1(}—1(]—1{'}—";‘:[] = Q0= >t =1 :>1:f{13—1}

1(2:1:3). B(1:-1:2),

. Xét phuong trinh

Oxyz , cho tam giac ABC i -

(P)ix—viz+2=0

Trong khong gian véi hé toa d

C(3:-6:0), D{2:=2:=1). .2 M(xiiz N
(3:-6:0). DA H biém (%) }thu()c mdt phang
cho §=MA" + MB™ + MC™ + MD" dat gi4 tri nho nhét. Tinh gié trj cta biéu thire

Py vt 4 =

A P=60 B. P=2, c. P=0, D. P=-2,

Véi moi diém 1 ta co

S=2NA 4 NBP+ NC*=2(NT+ 14) +( NI+ 1B) +(NT + IC)

= ANI® + 2NT 244+ 1B+ IC )+ 2147 + 1B + IC
Chon diém ! sao cho 244 + /8 + 1€ =0
1(0:1:2)

204+ 1B+ IC=0> 414+ AB+ AC =0 Quy ra toa do diém ! 1a

Khido S=4N"+ 2047+ B+ IC° 4o d6 S nho nhatkhi NV 13 hinh chiéu ca ! 1én

mit phiang (P)

v=0+1
y=1-—¢
\ \ 2 . I va ~ , fe e 2 (P) \ WZ'ZE-I-I
Phuong trinh duong thang di qua £/ va vudng goc voi mat phang la *
Toa do diém N(ET=t240)e(P) 4t 24t 4 2= f=— | = ."ff_—]:f:]_‘,l-

(KTNL GV THPT Ly Thai T 2019) Trong khong gian véi hé tryc toa do Ox)z , cho

AlL45)B(340),C(2:-1:0) (er):3x—31p—22-12=0.

ba diém va mit phang ' Goi

M(ab:c 2 2 -2 Y 2
(a:brc) thudc (a) sao cho MA™ + MB™ + 3M( dat gia tri nho nhat. Tinh tong

S=a+b+c

A 3. B. 2. C. 2. D. 1.
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Chon A
Goi diém ! (332) thoa man £+ 18+ 31C = 0.
[1A=(1-x:4-:5-2)

" hE:[‘]—_H—rzi—:}
Ff:"—[*—n—l—l—‘} Ff:’-[’—u—l—l— )

3C = (0-3x1-3-31:-3z2)

Ic =(2-w-1-p-2)
— [A+ IB+31C =(10-5x:15-51:5-52)

r= 1

A4 TB+3C=0es v=1= [{2:1:1).

z=1

Do d6:

o MAT S MBT3MCT = (MI o IA) [ MT o IBY +3(MI I

Mat khac: - S ' - '
¢

|

= SMI7 | 1A+ JE m: C IR YICT

vi 1:4:B.C o§ dinh nen 4"+ 1B+ 31C khangdéi
Do d6: MA™ + MB™ 1+ 3MC” nho nhat < MI° nho nhit < MI nho nhét

< M 1a hinh chiéu ctia I trén mit phing (@),

Phuong trinh duong thing d qua ! va vudng goc véi mit phang (a) la:

=2 v—-1 z-1

3 N

Goi ! Mij=dle) Toa dd cia M 1a nghiém cua hé phuong trinh:

_'.,':;
12 _ymt_zot [Bero=ips3 >
3 -3 -2 e e-2rid=32-3 s = — ]— ”I_ ]—-'ﬂl|.
) I"| ) ]
‘35—31—1: 1220 |3y-3p-2:-12=0 |__ .~ R

vay 2
Cau52: (Pé Thi Céng Biang KHTN 2019) Trong khong gian OXZ cho cac diém
AL B LE-L3)L O L=1:-1) vémétphéng (P):3v—3p+4 1:_]3:[].Xét M(a. b c)

thudc mit phing (P) sao cho 2MA™ = MB™ + MC™ yho nht. Gid tri caa ¢ 0+ ¢ béng
A 3. B. 7. C.2. D. -1
Loi gidi
Chon A
Goi 1 1a diém thoa man:
204+ 1C—IB = riq_x 1[(15—(}}} HOC—01~(0B-01) =0
2044 {Jh’
e Ol = — 7(1:2:-2)
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IMA® =2MA" =2(MI +IA) =2MI +2I4 +4MI.iA

Ta co
MB* = MB =(MI+ IB) =MI + B + 2MILIB
MC* = MC =(MI+IC) = MI +IC + 2MILIC
DMA® — MB* + MC* =2MI* + 2147 + 1C* — IB* + 2MI (214 + IC - IB)
Suy ra . |

[t

Suy ra 2MA" = MB™ + MC™ =2MI" + 214" +1C° = IB" Do [ ¢ dinh nén
24T+ ICT — I8 khong déi. Vay 2MA — MB™ + MC™ phg nhat < MI nho nhit < MI

nho nhat < M 13 hinh chiéu cua I trén (P).

[.1:[ +31
Ty =2-3f
, 7-_0 -—_2."
e Puong thang A qua 1(1:2; ') va vudng gbc véi (P) la: T -

Suy ra toa do diém M 1a nghiém cta hé

.".'=] 1 3|" ._'|,'=—]-
v=2-3 r=—1 _

=l = M4 =10}
c==242¢ -=1 '
Ar—3v+2=--15=0 ‘r:]

A R S
Cau53: (Trin Phu - Ha Tinh - 2018) Trong khong gian V7 | cho ba diém A(L=2:1)

>

5 0-1) C(3 12 o Q)34 -z 3= M (azbie) o s
B(3: 0; |)’ C(3: 1 x_) va mit phing ()3 v—z+3=0 . Goi _U(i.’_h_t} 1a didm
thude () thoa man MA" + MB + 2MC 1he nhit. Tinh tng ¢ +D+3¢.

Al B.9. c. 15 D. 14,

Loi gidi
Chon B

Goi E 1a diém théa mén EA+EB+2EC=07 E[J:D:”.
Tacé: S=MA + MB +2MC = MA + MB + 2MC
(T FIV (iE s FRV (i oY S \
=(ME+ EA) + (MESEB) + H{MESEC) _ gy g° 4 BB 4 2ECT

Vi EA”+ EB” + 2EC khong dbinén S nho nhét khi va chi khi ME nho nht.

= M 13 hinh chiéu vuong goc cua £ 1én (0) .

[\=3+3!
Tv=t
Phuong trinh dudng thing ME: L: =
x=3+3t =10
V=t r=-1
Sl oo
Ix+y—z+3=0 L:—]

Toa do diém M 1a nghiém cua hé phuong trinh: '
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Loi giai
Chon D

Cau 55:

Loi giai
Chon B

uigeli.xyz

—aihi5=0-1452=9

(L& Quy Pén - Quing Trj - 2018) Trong khong gian véi hé truc toa 4o @7 cho 3

, g .1 2149 T 1:..._.._. — R
diém ‘{(l‘l‘l) B(O’l’“) ('( 2:1;4) Vamatphang[ ): SR [].Timdiém

<(P) sao cho 5 =2NA" + NB™ + NC dat gia tri nho nhét.

d 04 4 J1 53
Nl-Z:2.2 N|——:2:Z
A | 33 g N (—2:0:1) c. b 244 | D. N(-12:1)

Vi moi diém ! ta co

S=2NAT+ NBT 4 NCT =2 NT 4 14 }: 3 NI+ I8 }: o NT 4 f'{:r

= 4NF + 2NT (204 + [B+ IC |+ 2I4° + 1B + IC

Chon diém ! sao cho 2+ 1B+ 1C =0

QA+ 1B+ IC =0 44+ AB+ AC=0 Suy ra toa d6 diém / 1a: [(0;1;2).

Khi do S=4M" 204" + 18" +IC" 4o 46 S nho nhat khi N 1a hinh chiéu cta / 1én

mit phing (P) .

v=0+7¢
p=1-t
\ \ M . T i ~ , re 2 (P) \ z=24t
Phuong trinh duong thang di qua / va vudng goc véi mat phang la: *
N{EI=6240)e(P) s 4142464 0=Des = —] = N(=LZT)

Toa do diém
(S):(x=2) +(y=1) [j:—}.}":u}

Mia: b:c 5 VAL T/ L .
Wia:b:c) thudc mat céu( ) sao cho SMA™+ MB™ gat gia

Y ez A(1:1:3
Cho mat cau va hai diém ( ],

B(21:9: -13) Didm

tri nhé nhét. Khi d6 gié tri cia biéu thirc I =40 bing

A 3. B. 8. C. 0. D. 18,

3 = [] 3:—
Goi diém / théa man MA+ B = SACE ]}.

L 3MAT MBT =3 M M+ IB) =AME 4 3147 + IB° + 2MI.(314 + B
Khi @6 ' ' '
=4MI° + 347+ IB”

Do A"+ 1B khong d6i vi ba diém BT g dinh nén 3MA"+ MB" dat gia tri nho
A . 9 A . 4 \ . + R 5 \ M r: - A S
nhit khi M/ nho nhét. Khi d6 M 1a giao diém cta duong thing ~ v6i mat ciu ( ), (
J(2:1:3)

13 tAm ctia mat cu (S)).
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Loi giai
Chon A

v=2+4+2¢

— M (40200
= )= :
Z=3-2 | M_(0:0:5)

Ta c6 phuong trinh dudng thing ~/ 1a |
(3 - LY -2 s \ _ i
IM, < IM, (3 <9) nén 1, (42:1) la diém can tim. Vay F'=abe=%,
Cox=1 v=2 -3
: . 5 . 3 ; (S )
cho duong thang - & 4 vamit cau :

(ot APt foa AP s (xS = 7€ , 7 4.7 9
o 3) el (203) =729 cpovidediém 57277 didm B thuse giao

Kiém tra

Trong khong gian Oxyz

£ A o (P)i2r 3y 4z-107=0 g2 e
tuyén cuia mat cau () va mat phang L7 y+4z-1 . Khi diém M di dong

trén duong thang d gi4 tri nho nhét ciia biéu thae MA + MB bang

A. 5430 B. 27, C. V29 D. V742

1(=3:—4:-5)

va ban kinh R =27,

Mat cAu (S) co tam

. P=(2 3 wd L(P
Puong thang d ¢6 1 véc-to chi phuong la u=(234)=d L/ }.

. . .2 , < 2 P) . 2 X n DR ,
Goi K 1a giao diém ciia mit phing ( ) va duong thang d viled pen K 13 tam cta
dudng tron giao tuyén va KB L d

IA=(1L2-2)=J4=1 va Fa=0= 4Ld

2(=3) 3. (4) 4(=5)-107]

Ta cé

IK=d(1.(r))= — V29
Ta tinh duoc NERER va
KB=+R -IK* =2
Do M di dong trén duong thang d (truc ctia dudng tron giao tuyén) va B thudc duong
tron giao tuyén nén biéu thirc M4+ MB nho nhat khi va chi khi M = A5 d
Mi 4 3

Khi o, taco MK KB 2 vy MI+ MK =K =529
Suyra MI =339 MK =229

‘ ‘ — BM =
AM =10 =330

Lad | L

AM =230

Ta c6
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Vﬁy glé tri nho I‘lhét clua M4+ MB 1a AM 4 BM =330 4 2430 = 5430 )
Cach 2:

d

M

[(-3:—4:-5)

Ta c6 (5) ¢6 tam _bankinh & =27

[(-3:—4:-5)

D@ thay d g qua va vudng goc voi (P)

(P) cat (S)theo du(‘)‘ng tron ¢6 ban kinh =2
Mede M(14 F3n3+4e)

T =MA+MB=MA+MH + 7.
S0 329

T =200 ¢ 110F +125 4 ,,Ji“?[:f—-’-l: +4

Suy ra

=291 2) 4 550 29, (1=3)

Ta co

VI — (Ao P |29 =87
.fff—[f..f._f]]—T_

Lai c6

_ |_ _5

ﬁ|‘_ ﬁ >

Xét
T= Jj_w{'|e£| - |{-|} = 29| {-|= sJ50
Do d6 ' : .
Cau 57: (THPT Chuyén Thai Binh - 2018) Trong khong gian v6i hé toa do Oxyz , cho mat
x—15 -22 =z-37
. (P)ix+yiz—I= (d): == P A
phang ** "7 - T du’O’ng thang ] - -~ vamatcau

(S)rar i1 d o —Se—0psdzid=0 Mot duong thang (8) thay d6i cat mat cau (5)

tai hai diém 4,8 sao cho 4B =38 Goi A , B " 14 hai diém 1an luot thugc mat phéng

(P) sao cho 44", BB’ cung song song voi (d) Gia trj 16n nhét cua biéu thirc
AA"+ BB 13

81303 244183 12493 16+ 6043

A, 9 B. S5 . ¢ 5 . b9
Loi gii
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Cau 58:

Loi giai
Chon C

uigeli.xyz

[

\ e T
Mat cau (S) co tim I(4:3: 2) va ban kinh =5,

Goi H 1a trung didm ctia AB thi IH L AB vy IH=3 nan H thudc mat ciu (S) tam
I bankinh R'=3.

Goi M 13 trung diém cia A'B thi A4+ BE'= 2HM | M nim trén mit phing (7).

P
d(I:(P))=—=<R ’ ‘
Mat khac ta c¢o "*'h_ nén (P) cat mat cau (S) va

=

sinfd:(P))=sine= _ _
-’-v@.Goi K 1a hinh chiéu cua f 1én (P) thi HK = HM.siner

Vay dé 4"+ BB’ 16n nhét thi /7K 16n nhét

: . ENE
Hﬁ',_‘=f€'-:.-'U:[f‘}j:}-i:'l W3
< HK diqua !/ nén NERNA
S4B 133 41583
e

Vay 44"+ BB’ 16n nhat biang ? ?
(Chuyén Hiing Vuong Gia Lai 2019) Trong khong gian @77 | cho hinh hop chit nhat
ABCD.A'B'C'D 4 A triung véi géc toa do O’ cac dinh B(a:;0:0) ’ D(0;a;0) ’
A(0:0:6) g5 @.b>0 3 a+b=2 Goi M 1a trung diém cta canh CC" . Thé tich ciia
khéi tir dien BDA'M  ¢6 gia tri 16n nhét bang

64 32
A, 27, B. 27

(@!
Nl
=]
b
Ny
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x B C

h
. (Tunﬁm.(ﬂunﬁhLﬁfmnﬁ:]
Toa d6 diém =,

BA = (-a:0:b). BD = (- 20}, BAM = (0122}
] S R o
[b’.r! ] HIJ].H.H‘: @b

4 .

[Hf!'_b’f_?'}: (—ahi—ab;—b7)  Vanew ==
nén 0

g+a+2hy 64 R . o
=—=ahs —=1 = =—

1 .I. -
aa(2h) = | | ,
3 ) a7 37 MM T a7

Ta co:
Cau59: (Hoang Hoa Tham Hung Yén 2019) Trong khong gian véi hé toa do P*7 | cho tir
dien ABCD ¢ .4(—1:1:6), H[—E:—l‘—-}}’ C(l:l:—l}’ D(2:-2:0) pa M(abic)

thudc dudng thing CD sao cho tam giac 4BM ¢4 chu vi nho nhét, Tinh 4+b+¢

A L. B.2. C. 3. D. 0.
Loi giai
‘C
°D
A .
H

Goi Casv 13 chu vi ciia tam giac ABM |

4.{::': I::—l'— 3— ]ﬂ} = AF =113

AB=(-2:=3-10) CD=(L-41)— 45 D=-2+12-10=0= 4B L CD_
Goi (P) 12 mit phing chira duong thing 4B va vudng goc véi duong thang CD

H 13 giao diém ctia (P) va duong thang €D

Phuong trinh mit phang (P) qua A(=E 1:(})cc’) véc to phap tuyén Ch={L=%1 }lél
x—4y+z-1=0
x=1+¢
v=2-4¢
. . 2 CD. } c=—1+1
Phuong trinh dudng thang D .
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HeCDe H(l+02-40-1+1¢)

1
[AM = AH

Véi M €CD g oo |BM 2BH — AN+ BM = At + B

Cooy = AB+ AM + BM 2113 + AH + BH Wi e CD

—

Pd | Led
=
I
[

ad

|"' 3 ] A
S M| =0- |
. _ 1. . [
Suy ra minC . =113+ AH H”,dat duge M =H L2 1,-'
Vay f.fihit'=|_

1 16) Bl—3—2 s
Cau 60: Trong khong gian véi hé toa do Oxyz cho tir dién ABCD ¢4 A( 1'1‘6), (= _'__”,

C(l:2:-1) D(2:-2:0) ab;c)

biém I thudc duong thing €D sao cho tam gidc

ABM ¢6 chu vi nho nhat. Tinh @ +D+c.

A L. B. 2. C. 3. D. 0.
Loi giai
Chon A

Ta oo Chim = AM + BM + 4B

AM + BM pho nhit.

e .
Taco AB=(-2-3-10). CD=(L-41)

ma 4B khong doi suy ra Cais1 nho nhét khi

(a) di qua A(=L11:6) va nhan CD=(k=41) lam véc to phép tuyén.

Suy ra («) ¢6 phuong trinh la; ¥~ +' =7 1=0.

.2 N . oA M=CDhr| e
Vi diém M thuoe €D sao cho AM + BM nho nhét nén f=cbml H}.

=1+t
(0!):_-._'——1.1' Fz—1= [‘.I’ CD ¢4 phirong trinh: | z=—1+1¢
I:'-2 _].I 2 _]
= M| 10— = th4r=2= —_—=
M=CDhm|er) 'jrl_ 2 2 | =athde > 0 > 1

Cau 61: (Chuyén Lé Hong Phong Nam Dinh 2019) Trong khong gian véi hé toa do Oxyz ,

PR IR
cho mat phing (77T 220 L aig AGHH1:B(T4

Miabic)a=2) thube (P)

nht. Khi d6 gia tri biéu thirc 7 =@+ 5+ ¢ bing:

-3 \
"}. Diém

sao cho tam giac ABM vuéng tai M va c6 dién tich nhé

A.T=6, B. =8, Cc.T=4, D. I'=0,
Loi giai
Chon D
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1

S e =~ ABMEH ,
Ta co: 2 véi H 13 hinh chiéu vuong goc cua M 1én 4B .
Do AB khong déi nén ~45 nho nhét khi MH nho nhét.
|AB=(4-8-4)
. ' = ABn, =0= AB/ [ F)

i, = (111

MH nho nhat khi M nam trén giao tuyén ctia mit phing (Q) va (P);
voi (Q ) 12 mit phang chira 4B va vudng goc véi mp (P)
AB = (4;-8;-4)

. —n =(30;3)=
n, =(L1-1) 0=l )

phuong trinh mp (Q)lé x+z-4=0,

M A . A 5 - 2 \ P A A \ A 5 A
M nam trén giao tuyén ctua mit phang (Q ) va ( ) nén toa dd M 1a nghiém cua hé

x=t
x+z-4=0
=>y=2-2t=M(;2-2t4-1)
xX+y—-z+2=0 _4
phuong trinh z=a-t voi t>2,

Ta oy AM = (t=3-2-263—1);BM =(1-7;6 =267 ~1)

Tam giac ABM vuong tai M nén
AM BM =0 < (t-3)(t=7)+(-2-2t)(6-2¢)+(3-1)(7~1)=0
t=3(tm)

o (1=-3)(t-7)+2(t-3)(t+1)=0=(t-3)(3t-5)=0<= t—é(l)
50

Ve t:3:>M(3;—4;1):>a+b+c:3—4+1=0_

Cau 62: (Chuyén Quang Trung- Binh Phuwéc 2019) Trong khong gian Oxyz cho hai duong
x y z-1 Av_x—l_y z

thang 1 I va 1 2 1 Xétdiém M thay d6i. Goi a,b lan

2 .2 , 2 2 e, , £ .
luot 1a khoang cach tir M dén A va A" Biéu thirc @~ +2b dat gia tri nhé nhat khi va

chi khiM = Mo (%0:Y0:%0) i g gia trj “0 70 bing
4 2
A. 3. B. 0. C. 3. D.\/E.
Loi giai
Chon C

Gia s PQ 1a doan vudng goc chung cua hai dudng thing A va A'

Vi PeA vy Q€A P(0,0.1) , 0(1,0,0) Goi E, F Iin luot 13 hinh chiéu cia M
trén duong thang A va A'
Khi do ta o 4 +0=ME+MF > EF >PQ . a+b>2
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Cau 63:

Loi giai
Chon A

Cau 64:

uigeli.xyz
1 2 2 4 2 2 2

—(a-2b) =(a*+2b* —(—a2+—ab+—b2j: a’+2b*)-=(a+b

Nhéan théy 3 ( ) ( ) 3 3 3 ( ) 3 ( )
l(a—2b)2ZO<::>az+2bZZz(a+b)2 a2+2b22f
Do do ta co 3 hay 3.

4
Viay gia tri nho nhét cua a’ +2b’ bang 3 dat dugc khi ddu bang xay ra khi
M € EF
EF = PQ 2 1
a= hay MP =—2MQ p,y

v

3773
(Chuyén Lé Quy Pon Quang Tri 2019) Trong khong gian Oxyz, cho mit cau

2 2 2 S
(S =D+l +zm = (P):x+y+z+1=0

, mit phang va dudng thang
AE_Y_z
1 1 1 piémM thay d6i trén dudng tron giao tuyén cua (P) va (S) . Gia tri
16n nhét ciia 9(M34) 13
32 V2
A. 2 B. 2\/5. C. \/5 D. 2 '
R- /30
Mit cau (S) co tam la 1(1;-1,0) va ban kinh 6
1
d(I;(P))=—<R ,
Ta co: 3 . Khi d6 ban kinh duong tron giao tuyén la:

G = (1:1:1) = O =(,-1;0),| OLa | = (-1;-1;2).

A qua O va c6 vecto chi phuong

_Loka] Jirtia
)= = e -

Ta co:
Mat khac AL(P) , goi H 1atam cua dudng tron (©) giao tuyén cta (P) va (5) )
Ta co: IH//A. Do @6 d(M;A) 16n nhét < dM;A)=r +d(lH;A) =r+d(L;A)

\/5_'_\/5:3\/7

d(M;A) =~

2
Khoang cach 16n nhit cta 2
(HSG Béc Ninh 2019) Trong khong gian v6i hé truc toa do PVZ | cho mat ciu

(S):x*+y*+2=2x+4y+2z-3=0 va mit phing (P):2x-y+2z-14=0
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Cau 65:

Loi giai
Chon C

uigeli.xyz

DPiém M thay doi trén (S) , diém N thay d6i trén (P ) Do dai nho nhét caa MN
bang

1 3
1 B. 2 C. 2 D. 2

>

Loi giai

A ]

Mt cau (S) co tam 1(1;_2;_1), béan kinh R = 3; d([;(P)) =4>R = mit cau (S)

va mit phang (P) khéng c6 diém chung.
Dung [H L (P),(H e(P)) .Taco: MN nho nhatkhi M 1a giao diém ctia doan 1H
voi (S) va N=H

x=1+2¢
y==2—-t;(tel)
z=—1+2¢t

Phuong trinh dudng thang [H :
pidm M(1426-2-1,-1420)e(S) (x=1) +(y+2) +(z+1) =9
S 2) + (=) +(2u) =9 =1 M (3-31),M, (-1;-1-3)

d(M;(P))=1_d(M,;(P))=7>1IH =4

Thur lai: (loai).
VN = MH -1 M(3;—3;1),N(E,—Q;§j

(THPT Yén Phong S6 1 Bic Ninh 2019) Trong khong gian véi hé toa do Oxyz , cho

A(l;O;O) B(3;2;0) C(—l;2;4) Goi

cac diém M 13 diém thay ddi sao cho dudng

thang MA, MB MC hop v6i mit phang (ABC) cac goc bang nhau; N 1a diém thay

(5):(x=3) +(y—2f +(z-3) =~

ddi ndm trén mat ciu 2 Tinh gia tri nho nhét cia
d6 dai doan MN

32 2
A2 B. V2. c 2. p. V5.
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M

C

Tacs: AB=(22;0), AC =(-2;2;4)= AB.AC = 0 = AABC suy ra AABC

vuong tai 4.

Goi H 14 hinh chiéu vudng goc ctia diém M trén mit phang (ABC). Ta co:
(MA,(ABC))=(MA, HA) = MAH

(MB,(4BC))=(MB, HB)=MBH
(MC,(4BC))=(MC,HC)=MCH

Theo gid thiét MaH = MBH = MCH = AMAH = AMBH = AMCH (g .c.g)

Do d6: HA=HB =HC pen H 13 tam dudng tron ngoai tiép A4BC

Suy ra: H 14 trung diém cua BC = H{; 2;2).

| 4B, 4C |=(8;-8:8)

Ta co: , Chon vecto chi phuong ctia dudng thang MH 13
Uy =(L-11)

x=1+t

yv=2-t el

Phuong trinh duong thing MH c6 dang: '

R=Y2

Mit ciu ) c6 tam ! (32:3) 4 ban kinh 2

N
M

K(1+62-6,2+1)

Goi 1a hinh chiéu vudng goc ciia diém ! trén dudng thang MH .

ra et 1K = (1= 2150 1) a0 = (1 11)

Do IK L MH nen K4 =0 3 quoe: 1=1. Kni do: K(213) va IK =2
Do IK > R nén duong thang MH khong cat mat cau.

2

MN >d(I,MH)—IN =IK —IN =——
Ta co: 2

V2

Vay gid tri nho nhit cua do dai doan MN b.':ing 2
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Cau 66:

Loi giai
Chon C

Cau 67:

Loi giai
Chon C

uigeli.xyz

Trong khong gian Oxyz , cho diém A(1;4;3) va mit phang (P) :2y-z=0 . Biét
diém B thudc (P), diém C thuoc (Oxy ) sao cho chu vi tam giac ABC nho nhat. Hoi

gi4 tri nho nhat d6 1a

A 6V5 B. 25 c. 45, p. V5.

A( (Oxy) = H(1;4;0)

Goi 4 1a diém d6i xtng cia 4 qua mit phang (Oxy ) , ta tim duoc 4 (1; 4 _3)

Goi H 1a hinh chiéu vudng goc ctia L 4;3) 1én mit phang

Goi K 14 hinh chiéu vudng goc cia A (1;4;3) 1én mit phang (P)
x=1
AK :<y =442t

Ta c6 phuong trinh dudng thang z=3-1 , Goi K(L4+2:3-1)e AK

Mit khic, Ke(P):>5t+5:O:>t:—1 :>K(1;2;4)

Goi 4 1a diém ddi xtng ciia 4 qua mit phang (P) thi K 1a trung diém cta AA2.
X, =2x,—x,=1

Va, =2V =1,=0

z, =2 =2,=5 = 4,(0,5)

Ta co
Ta ¢6 chu vi tam gisc 4BC 1 P yc =AC+AB+BC=A4C+ A,B+BC 2> A4 A4, _
Dau bang xay ra khi 4, 4,,B,C thang hang
Suy ra (Putnc )y = 41 = s :
(THPT Nguyén Hué - Hué - 2018) Trong khong gian voi hé toa do Oxyz , cho duong
x=—-1+2¢
(d):9y=1-t¢
thing 222 i digm AL50) B(33:6) o M(aibic) g

trén (d) sao cho chu vi tam giac MAB dat gié tri nho nhit. Tinh P=a+b+c.

A P=1, B. P=-3. c. P=3, D. P=-1,

Med= M (-1+2t;1-1;2t)

Chu vi tam gidc MAB 1a: AM + BM + AB . vi AB = const ngn chu vi nho nhat khi
(AM * BM) nho nhét.

AM (2t =2;—t—4;2t) BM (2t —4;~t —2;2t - 6)
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AM + BM =97 +20 +/9¢> — 36t + 56 = \/(3z)2 +(2\B)2 +\/(6—3t)2 +(2\B)2
(3t;2\/§), v= (6—3z;2£):> U+v= (6;4\/3)

"=
Dit .

- =

‘u‘+‘v‘2‘u+v N ) ) . )
. Dau bang xay ra khi ¥, V cung hudng.

Ap dung bat dang thirc vecto:

AM+BM:‘1;‘+‘\7‘Z‘Z§+;‘: 62+(4x/§)2=2\/§ Do dé (AM +BM)

Ta co:
nhé nhét khi
3t=k(6-3t) f=1
¢ <:>{
ton tai s6 k duong sao cho ¥ = kv 2\/5 - 2\/§k k=1 Khi dé M(laoaz).

vay P=a+b+c=1+0+2=3
Cau 68: (Chuyén Lé Khiét — Quang Ngii — Lan 1) Trong khong gian vdi hé truc toa d6 Oxyz,

) 2 2 2 _
cho hai diém A(3: 2:6), B(0:1:0) va mat chy (3 (X =1 +(y=2) +(z=3) =25. \ /.

(P):ax +by+cz—-2=0

phing di qua A, B va cét (S) theo giao tuyén 1a duong tron co

ban kinh nhé nhat. Tinh T=a+b+c

A. T=5 B.T=3 Cc.T=2 p. T=4

Phwong phap:
- Pua phuong trinh mit phang (P) vé dang chi con 1 tham sd.

, . . d(L(P
- (P) cat (S) theo giao tuyén la duong tron c¢6 ban kinh nho nhat < ( ’( )) max, trong do: I la
tam mit cau (S).
Loi giai
Chon B
3a-2b+6¢c—-2=0 b=2
A(3;—2;6),B(O;l;0)e(P):ax+by+cz—2=0:> =
b-2=0 a=2-2c

:>(P):(2—2c)x+2y+cz—2=0

(S):(X_l)2+(y_2)2 +(Z_3)z =25 co tAm 1(1;2;3) va ban kinh R =5

- (P) cat (S) theo giao tuyén 1a duong tron c6 ban kinh nho nhat =d(5(P)) max, trong
do: 1 1a tam mat cau (S).
a(1(P)) - (2-2¢).1+2.2+¢3-2| _ lc+4 _ [c2+8c116
Ta c¢ | \/(2—20)2+22+c2 V5c2 —8c+8 V5" —8c+8
a co
¢’ +8c+16 ¢’ +8c+16

Ta tim gi4 tri 16n nhit cia 3¢’ —8c+8 Goi m la gia tri cua 5¢* —8c+8 ygi ¢ nao do.

Ta co:
_c’+8c+16
- 5¢7—8c+8

A'=(4+4m) —(1-5m)(16—8m)=16+32m+16m> 16 +8m +80m —40m’ = —24m’ +120m

ocl +8c+16:m(5c2—80+8)© ¢’(1-5m)+8(1+m)c+16-8m=0(*)

(*) c6 nghigm © A20<0<m<5
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5¢* —8c+8 \]5c2—8c+8 1-5m 1-5.5

Khido T=a+b+c=2-2c+2+c=4-1=3

. 2 2 2 _
Cau 69: Trong khong gian Oxyz, cho mit cau (S).(x—l) +(y+2) +(Z_3) =48 Goi
A(0;0,-4),B(2;0;0)

(a) 1a m3t phang di qua hai diém va cit mat cau (S) theo giao
tuyén 1a dudng tron (C) . Khéi non (N) c6 dinh 1a tdm cua (S) , duong tron day 1a
(€) c6 thé tich 16n nhét bang

1287 88w 2157
A3 B. 397 c. 3 c. 3

Loi giai
Chon B
Ta c6 tAm cau [(l; _2;3)§R =43
Goi H 1a hinh chiéu vudng goc cta tdm cau { 1én mat phing (0!)

1 r —_— —_— < 4
Vay chiéu cao cua khoi non (N) la h d(l’P) H < IK , trong do K 1a hinh chiéu
vudng goc cua I 1én 4B

(0):x+22-7=0

Goi (Q) 1a mat phang di qua / va vudng goc v6i  ta co

x=t
AB:3y=0
Phuong trinh 2==4+21 45 a0 Q) taduge I —8+4t-7=0=1=3

Toa db K(3;0;2)= IK =3

, _ 2
Ban kinh cuia khéinon 7 = V48—h
Vay thé tich ctia khdi non:

1 1 !
Vzgmz_hzgn(48—h2).h=§n(48—h2).h vhe[0:3]

véi
Khao sat V= f(h) ta tim duoc Viax =397

. 2 2 2
Cau 70: Trong khong gian Oz cho mit cau (S).(x—l) +(y+2) +(Z_3) _27. Goi (a) la

A(O3O;_4)’ B(Z;O;O) va cit (S) theo giao tuyén la duong

mit phang di qua hai diém
tron (C) sao cho khéi nén c6 dinh 13 tAm cua (S) , day la (C) c6 thé tich 16n nhat. Biét
mit phiang (@) ¢6 phuong trinh dang ax+by—z+c=0 ,khi d6 @—b+¢ bing:

A. —4 B. 8. c. 0. D. 2.
Loi giai
Chon C

(S):(x=1y +(y+2) +(z-3) =27 = 1(1,-2;3);R =33
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A(0,0;—4), B(2;0;0); (a):ax+by—z+c=0
A, Be(a):{a=24:>(a):2x+by—z—4:O
c=—

V., = %7[.\/ 27-r’r?

Ta co:

Ta co:

Xét: T=\27-r*r*=T"? =<27—r2).r4

B 2 aon (277 +r)
—4(27—1"2)?? < 27 =4

2
27-r == =32

Déu ‘=’ xdy ra: 2 = h=~27-r" =3
Tacs N=d(Lia)=3=b=2
a=2
h=2
vay =74
Cau 71: Trong khong gian véi hé toa d§ Oxyz, cho C(O; 0;4)’M (3;3;1). Viét phuong trinh
mit phing (P) di qua CM va (P) cét hai tia Ox, Oy 1an luot tai A, B sao cho dién tich

tam giac ABC nho nhét.

ix+2y+22—8=0. B. X+ty+2z+8=0
c.X+2y+2z+48=0 p. X+t2y+z-8=0
Loi giai
Chon A
Goi 4=(a;00) B=(0;5:0), a>0,b>0

£+1+£:1

Khi d6 phwong trinh mit phing (P): ¢ b 4 |

3 3.3
>—+—=—<ab=4a+b
Do mit phing (P) di qua M (3 3 ;1) a ( )

1~ —=1 1 1
S = —‘ AB,AC] = — 164> +16b> +(ab)’ >—+/(ab)’ +32ab
Dién tich tam gidc ABC la: 2 2 2
Do @b =4(a+b)>8Vab = ab>64= 5> 1616
Dau dang thic xay rakhia=b=8.

Dién tich tam giac ABC nho nhét bang 166
. £+X+£=1<:>x+y+2z—8=0

Khi d6 phuong trinh mat phang (P) 8 8 4 .

Cau 72: (THPT Lé& Quy Pon Pa Ning 2019) Trong khong gian Oxyz , cho hai diém

A[5+\/§;7—2J§;3J 3[5—2\/5;7+\/§;3

2 2

}Vémétcéu
(S):(x=1)*+(y=2) " +(z-3) :6.Xétmejtphéng (P):ax+by+cz+d=0’
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(a,b,c,d elld < _5) 12 mit phang thay doi ludn di qua hai diém 4,B . Goi (V) la
hinh nén c6 dinh 14 tim ctia mit cau (5) va duong tron day 1a dudng tron giao tuyén

T:\a +b+c+d

cua (P) va (S) . Tinh gié tri cua khi thiét dién qua truc cua hinh

nén (V) ¢4 dién tich 16n nht.

A.T=4 B.T=6 c.T=2, D. T=12,
Loi giai
Chon B

Mit cdu &) ¢6 tam [(1;2;3), bén kinh R=6_
co lA=1B = \/g nén 4,8 thudc mat cau (S) .

57

4B :(—\/5;\/5;()): —\/5(1;—1;0): —3a M(E’E

;3j

1a trung diém cua 4B .
Goi @=(L=10) 3 n=(a05¢) 45 a® +b* +¢* >0 13 yvecto phép tuyén cta mat
phang (P)

{IE(P) Sa+tbt3etrd=0 {d=—6a—30
- &2 2 g

a=>b

an=0
ViA,BE(P) a—b:o

nén co
Goi =4 (1:(P) (©)=(P)N(S) + 1 ban kinh duomg tron (©).
r=NR -1 =61’

(N)

Dién tich thiét dién qua truc cua hinh néon .

2, s 72
S:%.h.2r:h.\/6—h2 S#:3

MaxS =3 hi h2:6—h2:>/’l:\/§‘
|a+2b+3c+d|

B Ja* +b* +¢°

h=d(1,(P)) =3
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Néu @=c ¢ P=ad=-9a 4 (P)iax+ay+az-9a=0=x+y+2z-9=0

(nhan).
Néy @a=—c¢ ¢ b=ad=-3a 4 (P)iax+ay—az-3a=0x+y—-2z-3=0
(loai).

Vay T:|a+b+c+d :6.
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