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uigeli.xyz PE ON THI HQC SINH GIOI
PE 1 MON: TOAN 11

p ) , X N
Bai 1/ Chosé thue O£ @£ 1 vadaysd "1 duge xac dinh béi diéu kién

.  x " . N .
Chung minh rang ddy s6 =~ """ ¢6 gidi han hitu han. Tim gidi han do.

Bai 2/ Tim tit ca ham s6 / 'R ®R

b f+D? )+

thoa man dong thoi hai diéu kién sau:
vO1 moi X I R ;

v,y R

Fivut® Fiv) Flu
iy SO0? FOF0 y6i moi -

‘. s A n oK n n o AR LA A . X n 3 32
Bai 3/ Tim tat ca cac s6 nguyén duong k thoa didu kién: ton tai cac sd nguyén 1T 17 2 g

345" =n".
(0)

thudc cac canh CA,AB a0 cho DE khong song song voi BC | Céc tia BP/CLE 1in luot cat

Bai 4. Cho tam giac ABC ¢an tai A, noi tiép duong tron . Lay cac diém D/E 1an luot

(O) .. M,N (M* BN C

duong tron tai ). Puong tron tim M | ban kinh MC ¢4t doan thang

BD tai P Puong tron tam N ban kinh NB ¢4t doan théng CE tai Q.

(0)

a. Goi T 14 trung diém cung B C khong chira diém A cua duong tron
TP=TQ

. Chung minh
rang
b. Chtrng minh rang cac dudng thang DE,PQ,BC dong quy.
Bai 5/ Theo doc trén dudng tron, nguoi ta ghi sn 299 s6 gébm s6 0 va mot s6 1.
O mdi budc di sau d6 ciia trd choi, ngudi choi duge phép thuc hién mot trong hai dong tac sau:
1/ Thay mdi s dang c6 boi hiéu giita nd va tong cta hai s nam ké vai né (lic chua thay)
trén duong tron;
2/ Chon tlly y hai s6 ma giira chiing (trén duong tron) c6 dung hai sb, ri trir mdi s6 duge
chon cho 1 hodc cong mdi s6 dugc chon cho 1.
Hoi sau hitu han budce ta c6 thé thu duogc
a/ 298 s6 0 va hai s6 1 ndm ké nhau trén dudng tron?
b/ 297 $6 0 ba s6 1 nam ké lién tiép nhau trén dudng tron?
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LOI GIAI

p , X N
Bai 1/ Chosé thue O£ @£ 1 vadaysd \ "1 duge xac dinh béi diéu kién

i)
X= =
2
xNo= i_ 1'._1.1 ”” =]
-2 2

S X - ~ . ‘g .
Chung minh rang day s6 =~ """ ¢6 gidi han hitu han. Tim gidi han do.
Giai

‘ 0fx £2. (1)
1/ Bang quy nap ta chimg minh dugc 2

e 4\
—lima €, =L
2/ G161 han x=lmyx, , néu co, s€ 1a nghiém cua trong doan g 2¢
:n'zi— LU V42v- a=0U c=x=- 14144
2 2
a ¢ . a .
0fc=—- —£ —. (1
Via?0en 2 202 W

3/ Tlr cong thire truy hoi ciia ddy nén ta c6

g 1{1 g 29 e X
N o- [ =0—- - - R i
2 & 2F 2

]

I
[od | —
SO
=
+
v
1

T (1) va (1) suyra O£ ¥ Fetaf 1LY 27

nén

0£ Ox +c)£ 1

]' n
0F fx,- £ sl o, "n>1,

Tu dé va (2) kéo theo
Vi thé limxy =-1++1+a.
f:-R®R

Bai 2/ Tim tat ca ham so - thoa man dong thoi hai diéu ki¢n sau:

b FFDE FEO+1 o vl R,
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11;|R

i flew)® Fle) fn) g moi
Giai.

(f)

Gid st f la mot nghiém ham. Ta quy udc f(x) viét thay

Fx)3 *(-f‘n_)z‘ 0,  "x3 0.1

Tirii) ta cd -
PR = (041)% F(0)+13 1
G 1103 fr10 _ N

Do do fily= (.1 1) suy ra FD =104 4o a6 fO) U.(2)
o ST S A T ol

Theo 1) va quy nap ta duoc fl+m)® flo)+n xRl N.(3)
WL R | PR | 1 T +

Theo ii) va quy nap ta dugc - flc)® flon, a2 Onl 2 .(4)

gy N{xbz o
fx) ({-}+@H3 F{)+ 84 g -1

v=1,nl & thi

Vi *7 0 suy ra

Vi vay, néu
>y'-1>0

& md
@i? ?FﬂMmmmm
TR v
| _ 16, o ®a Aa
2P 1=f1)= " —F fla")fe—F (+'- 1)fe—=
@b 1=gl)= B =2 () (v 0ES

Hay

—r

x
Q1
EE -
Cho " ® ¥/ tir bt dang thire nay ta nhan duge B ¥ y6i moi x>1. N6i cach khac
FrE v, "xl €14
: g U (5)
Ta 6 thé viét (3) duéi dang | (- W E F)- n YT RuT N 5.

Tir (3%) va (5) ta thiy néu X£ 0 thi S NP 0 s
feo=r{{e}- (- gB)€ F{e})- (- gHE ) (- =~

Vay (5) d4 néi thanh flogx, TxflL (5"
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: c Flx) £ Fl)E e
Véimoi - £ xE Lﬂlsdﬁnz‘;{ii) va (5’) ta con thay - (t) S ( ) . —
Flx)® - e|=xP flx)=x
| =P =

Ta s€ chung minh (*) cling dung khi x<-1.

o 19, §=:1] 1 o
1= ff1) = 'E‘?_f f(x) -.-‘f?iZ (x)—P f(1)? x
Ta co . xg e v va theo (5’) ta suy ra (*).
Bay gio ta chimg minh (*) cho truong hop x>0.
e} 1<0.g4r11 Z

Ta co nén tu (3) ta co

o=} 1+ 817 F({} 1)+gH1={} 1+ & 1=x>0 ©

1 ;?
1 e

Thay x bdi X tacod . (6).

o L.o@mo
1= ﬁ“’] = E ..f' (1)‘{?? X—= 1
Nhung @ A '

Diu “=" xdy ra nén nd xay ra & (6) va (6”).

1
—=>10

SO+

|
SO

Tom lai /)= "1 Reppi 121 ta théy ham s6 d tim thoéa yéu cu dé.
Bai 3/ Tim tat c4 cac sd nguyén duong X thoa didu kién: tn tai cac sb nguyén ™ T 207 2 g
345 =n",
Giai
1/ Véi k=1 thoa diéu kién cua dé bai 3' +5' =2
2/ Ta s& chimg minh kK >1 khong thoa yéu cau dé.
£3' =9'2 1(mod4)
5 =252 1(mod4) 3" +5'2 2(mod4) 2‘2(3: +5' ) =1,

Vi k=21 khido
t?j(n"’)M: én E-':(H“")} 1.

suy ra nén

Trong khi do Suy ra 3" 451 gt
véi k=21 +1 khi d6

345 =(3+5)(37- 37 54L - 357 +57)

v (345 )=3. . \ \
- ( ) Tir d6, néu k théa man yéu cau ¢ dé thi

2€£ mlo(n")=0v, (3" +5)=3P m=3

Hay

n 9 - ];[‘J;’l(nmd _LJ)

Ma " Nén ta xét ddng du ciia 3" +5" theo mod9,
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Ta co, K 1¢ nén 3°0 [‘J(mﬂd FJ),.ur-; 0 1;3;5(n1t1d 6).

k= 5 =5"1=5(5") 2 5(mod9 N
Néu k bp +1 thi ( ) ( ‘ )méu thuan.

Néy F=6p+5 4 5" =5 = :r(:r) 2 2{mody)
k=6p+3

mau thuan.
Nhu vay chi con truong hop

2 - 1;0;1(mod7 ). 3" +5 :(3" ) 3 +(:+:l 52 - 2(mod7),

. A |I |I \
Ta lai thay Ma
khong ton tai m,n thoa yéu cu bai.
Bai 4.

hu vay

(0)

sao cho DE khong song song véi BC . C4c tia BD/CE 13n luot cit duong tron

Cho tam giac ABC cantai A, noi tiép dudng tron . Lay cac diém D/E 1an lugt thude cac

canh CA,AB

(O) tai M,N (";H PBNTC ). Puong tron tim M | ban kinh MC ¢4t doan thang BD tai .
Puong tron tam N | ban kinh NB ¢4t doan théng CE tai Q.

a. Goi T 1a trung diém cung BC khong chira diém A cua duong tron (0)
TP=TQ

. Chtrng minh

rang

b. Chtrng minh rang cac dudng thang DE, PQ,BC dong quy.

a)
Céc tam giac can * ABC, MCP, NBQ goc & dinh bang nhau nén dong dang.
Suy ra BPC = BQC , do d6 bon diém B,C.P,Q cung thugc mot duong tron W,
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BPC=BOC =90+ BAc , ,
Hon nira 2 nénnéu goi I 1a tAm dudng tron nodi tiép tam gidc ABC
BAC
BIC =90+ 2AC
thi diém ! cling thuoc W (vi 2.

Béng bién dbi goc, ciing d& dang kiém tra duge 15 =TI =TC pnen T 13 tam duong tron ngoai
tiép tam giagc BIC (tirc 1a duong tron W).

Dodo TP=TC.

b)

D@ thay AB,AC 13 cac tiép tuyén cua duong tron W.

BP,CQ.

Goi K 14 giao diém cua cac dudng thang H 1a giao diém ctia cac duong thang

BQ,CP

Ta c6 bién d6i ty s6 kép (xét trén dudng tron W)
(BA,BK,BH,BC)=(BB,BP,BQ,BC) =(CB,CP,CO,CC)

=(CB,CH,CK,CA)=(CA,CK,CH,CE)

Do @0, AKH thang hang.
Hai tam gléC BEQ va CDpP co BE(;(_]I_J = .ﬂl,. BQ(;(_P = H, JT_‘”JQI:_Q =K ma A,K,H théﬂg

hang nén theo dinh ly Desargues, ta co DE, PQ, BC dong quy.
Bai 5/ Theo doc trén dudng tron, ngudi ta ghi sdn 299 sb gdm s6 0 va mot sb 1.
O mbi bude di sau d6 cua tro choi, ngudi choi duge phép thyc hi€n mot trong hai dong tac sau:

1/ Thay mdi s6 dang c6 béi hiéu giira né va tong cia hai s nam ké véi nd (lic chua thay)
trén duong tron;

2/ Chon tuty ¥ hai s ma gitta chung (trén dudng tron) c6 dung hai sd, rdi trir mdi sé dugc
chon cho 1 hodc cong mdi s6 duoc chon cho 1.

Hoi sau hitu han bude ta ¢6 thé thu duoc

a/ 298 s6 0 va hai s6 1 nam ké nhau trén dudng tron?

b/ 297 s6 0 ba s6 1 nam ké lién tiép nhau trén duong tron?

Giai

Trén dudng tron ta danh dau (x) tai vi tri ma nguoi ta da ghi sin sd 1 (va giir nguyén dau (x) d6
sudt tro choi).
1,0,,K ,a

Gia st " ]a céace s6 dang ¢6 mat trén duong tron, ké theo thur tu 1ién ti€p nguoc chiéu

kim dong hd. Trong do, T 1a s ndm tai vi tri ¢6 dau (x).

1 &
E} ( ) .f.l:;T:zs':} a,

ﬂ..l

Dat k=1 .
Ta hay tim xem sau mdi budc di cac tong ndy co thé thay do6i thé nao.
Néu bude di dugc thyc hién bai dong tac 1, thi
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= |'-i|: - i,

% yoi TE K £ 300 quge thay boi @ 217 T (quy woe T T I T Ty,

'\.lﬁl
I

i S é a =-5
Tu dong tac 1 dua tong S thanh =

5' =
Néu budc di duge thuc hién boi dong tac 2, thi dé thy .
a/ Tir cac phan tich trén ta thay S giir nguyén tinh chin 1é qua mdi budc di. Khi chua thyc hién
budc di nao thi S=1, nén khong thé thuc hién duoc yéu cAu cua ciu a.

a, =5x2
1

" ﬂJD;

o A=3(1)"a =34

b/ Néu moi budce di duoc thuc hién bdi dong tac 1, thi k=

D& thay néu thuc hién boi dong tac 2, thi A khong thay dbi.

Khi chwa thuc hién budc di nao thi A =1, trong khi ¢ trang thai 297 s6 0 va ba sé 1 nam ké
nhau thi A = %1 Nhu vay theo phén tich trén vé cach thay doi ciia A thi diéu kién can va du dé
thu dugc trang thai 297 s6 0 va ba sé 1 nam lién ké sau hitu han buéc 1a khong bao gid thuc
hién buédc di boi dong tac 1 va ba sb 1 phai ndm & vi tri sao cho tong A=1.

Tuy nhién, & chiéu nguoc lai véi cach thuc hién cac bude di nhu thé (khong thuc hién dong tac

1) thi hogc 1a cac sb T+ Kot gau duogc gitt nguyén hodc 13 c6 ding hai trong 100 sb nay
o
7 T'=3a,=T%*2 )
thay doi, theo cach cung tang 1 hodc cung gidm 1. Vi thé k=1 . Vay, tinh chan le

cta T 1a khong doi.
Khi chua thuc hién budc di nao, téng T=0, 13 mot s6 chan, trong khi & trang théai 297 s6 0 va ba
s6 1 nam lién ké thi T=1. Nhu vay khong thé thuc hién duoc.

uigeli.xyz DPE ON THI HQC SINH GIOI
bE 2 MON: TOAN 11
" v =4
s 7
‘ = J —5x +3x 4 =m0 — Lzl
Bai 1. Cho diy sb (x,) duoc xac dinh * il
Chtng minh rang diy s6 (%) cq gio1 han hiru han. Tim lim.x,
£ o(xye | [x Px)=TP(x —13)+ 2023, %x (1]
. . Tim tat ca da thic Px) e Iv] thoa man: © : i ) et W
Bai 2.
Bai 3. Tim tit ca cac s6 nguyén t6 """ sao cho
(i + D[ (13" +1) va (" + 1 (13" +1)

Bai 4. Cho tir giac ABCD ndi tiép trong dudng tron (O) sao cho AB 9ét CD tai E va AD cit BC tai F, goi
G la giao diém cua AC va BD. Céc duong tron (ADE) va (CDF) cat nhau tai D va H. Phan giac trong
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goc QHB cit AB, AD lan luot tai /, J va phéan giac trong goc prc cit CB, CD lan luot tai K, L. Goi

M, M’ 14 giao diém cua BH voi AD, CD tuong ung, N, N’ la giao diém ctua DH voi BC, BA tuong Ung.
Chtng minh /L, KJ, MN va M’N’ dong quy tai G.

Bai 5. Cho tap hop X 1a mot tap hop con cua tap cac sé nguyén duong sao cho trong 2023 s6 tu nhién
lién tiép bat ki ludn co6 mot s6 thude tap X. Chirng minh rang ton tai hai sé trong X sao cho sd nay chia

hét cho sd kia.

LOI GIAI

' . 250+ 26
‘, = J'. =5 43 +—— =L =l.
i+l

Bai 1. Cho day sé ) duoc xéc dinh "

Chimng minh ring day s ) c6 gioi han hitu han. Tim lim.x,

Giai:

C 1A , .ox =3 Vne
Trudce hét, ta chimg minh !

=43,

(1) bang phuong phap quy nap.
* Hién nhién

* Vg nz2 ,ta co

~ 1
=Jr D05, =3) 1104 ——1>l0-1=3

M

LoX >3 . . £ R
Dodo v61 moi s6 nguyén duong 7-

p . vy Ty i
Tiep theo, ta ching minh day so (x,) la day gidm hay "' " neo 12) bang phuong phép quy nap.
N

3 s - o o7 =
*Giasy 3= TN Ty 4
Khi do6 xét hi¢u
- “ - . 2 ey . I — YR
H=(x 41y —(x +1y=|x =5 +3x 4 =t =0 |=| x  —5x +3x 4 2=+ 26 |
' \ n+l ) L ' ' " ;
. . .. ) : 1 1
— [ X,— X, }(-"-':: R X = 5x —5x e ?b . -
n+l n
5., 5., 25 I l
=(x,—x Mlx,—-—=V+(x  —=V+x.x  +3I-— 4 ——< 0 %¥nz2
2 -2 S 2 n+l n
vi 5N <0 (gt quy nap) va ¥ = %1 > 3
5, S 2387 (L Sy (L 5% 23 22
(v, ==V +lx,  —=)tx.x  +3-—|=3-= [ +|3-= | +33+3-—=0 -2 <0, %¥nz2.
S AL ol 7 | 3 | 3 b nil n .
s i ', a A i a Tu
d6 suy ra diy sd (x,) giam va bi chan dudi nén theo nguyén 1y Weierstrat ddy sb c6 gi6i han hiru
1 — e
han.Dit limy =a.3<a= —1.
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Tur hé thte truy hoi cho 7 dan dén duong vo cuc ta c6 phuong trinh

a=Na'—5a°+3a+ 25—l (at1) =a' —5a”+3a+ 25

= fa=3a —3a—8)=0

g =23
K RN
— | = 1
34441
=

)

Két hop véi didu kién cua @taco ¢ =3
limx =3
Vay
Px)=TP(x =15)+ 2023 %xe (1)

... Tim tat ca da thic Pxye 13T thoa man:
Bai 2.
Loi gidi: Trude hét chung ta can tim so thuc a 1a nghiém ctia phuong trinh;

RENa

X

=y —-lde=2yr—y-15=0

| 1-Jo1 14 ot |
4 ! '

-

o=
Véi [ > |thiathéaff=ff3—5hayrf—rw—5=“.

e Giastdathic ) thoa man yéu cdu bai toan.
Trong (1) thay * = ¢ ta co:
Pla)y=TPla —15)+ 2023 < P (a)-TP(a)-2023=0

T-f5141
%

P(a)=
‘r*[:”}=?'ﬁﬂ
) ”E[?—,jmu:? - JHH]'[
Gia st ©(%) 13 da thie khic hing, khi do T )P ysi L2 2] b hea

b —Th=2023=0

Do P(G) =bh nén ta Vlét P(X) dudi dang Plxl=lx—ul (_}r X+ h vGi q‘f_){f{}-}f 0,
Thay vao (1) ta dugc
((x=a) O(x)+h) :7[(.-&—15—[;}" O x* -15)4 h} £ 2023

Hay
(x—a)" Q' (x) + 2b(x—a) - Ofx) + b =T(x —a-15Y O —15)+Th 12023

2

hi=The 023 47 = 5 A £, 1
vi b =Th+2023 " =a+15 nén (2) dugc viet thanh
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(x—a)" - Q*(x)+ 2b(x—a) - O(x) =7 (¥ -’ ) O x -15)
hay (x—a)" -0 (x) +2b-0(x)=T(x+a)" Q¥ —15) (3)
Trong (3) thay x=a ta co6:
2h-Na)=T2a)" - Qa —15)
< 2hO(a)y=T7(2a)" - Ola)

= h="T-2a) vi ,5,:2— 5_{,’)
Hay Nsldl=T(= “'Irh_] diéu nay khong xay ra voi moi ) nguyén duong n
Do do F(¥)=b

Thir lai ") =? thoa man yéu cau bai toan
R IET RN FOV TEY

i)
2 hoac

2

Vay

Bai 3. Tim tt ca cac sé nguyén t6 """ sao cho
2 1--. : -

(o= + 113" + 1) Véf_ar 1 (13 ]]_

"1 nhy nhau nén khong mat tinh tong quat, gia sit 7 =7

Loi gidi: Vi vai tro cua
e Néu ””:2,tacc'):
W 2 ; 12 ;

) S o3 <A thaa mE
(o) =(2.2) 13 cap so thoa man.

Tir (1) suy ra 7 1a s6 chin nén c6 # =2 Thy lai
o Néu m>2 vi mignen ™ 1= 2(modd) 4o g m*+1 ¢ it nhdt mot uée 1a s6 16, Goi ~ 13 mot ude
nguyén t6 1é cta 7 "‘1(*) Tir gia thiét suy ra

13" =-1 (mod 7) = 137" =1 (mod 7).

Dat d =ord,(13) khido 9121 Mataco 13" =1 (mod 7) nén ¢ # 1 T do6 suy ra d12 yo5c d=2n

13 -1=168=2"-3.7

-THl'd|2khid() .Vi7 1énén ' = 3hoac”_7.

3 =2 3

+) Xét I'= 3,vi13=1 (mod 3) nen 3'=1{mod3)=13"+1=2 (mod3) (diéu nay mau thuan véi
*)

+) Xét 7 =7, theo dinh I Fermat nho m"=1{mod7)= (m = )(m +m +1)=0 (mod7)

, _ 2 1="

Néu o ] =] I'[‘J'LL‘ld th i = 2 I'[‘J'lL‘ld (mau thual’l (*))
Néu " fl=0(mod?7 ! thi m i l=—m =0 ({mod7) ,suyra "= =0 (mod7 (Vo 1i vi m 12 s nguyén
t6).

-TH2: d =2n , theo dinh 1i Fermat nho ta c6
13 '=1(modr)

3

d=2nlir- , C— Ay 1N s g T 2 A .
suy ra = =1 U ]],do do 10U ]).Dleunaynghla 14 cac wdc nguyén té 1¢ caa ~ +1 déu chia cho 7

w4 1=2 (mod4) w4 =2 (mod )

du 1 va hon nira , tr day suy ra
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Suy a (m—1m+11=0 [[]1L1dﬂ?] hay i |(H'."|‘l) hO;ﬁC n | (H'.’_l). Vi m<n nén ! =m+1 "Dodo ™ =2 ,
n=3 phung diéu ndy mau thun véi 7> 2

Vay () =(2.2) 15 cip s6 duy nhat thoa mén.

Bai 4. Cho ttr giac ABCD ndi tiép trong duong tron (O) sao cho AB cat CD tai E va AD cat BC tai F, goi
G 1a giao diém cua AC va BD. Céac duong tron (ADE) va (CDF) cit nhau tai D va H. Phan giac trong
gbc QHB cit AB, AD lan luot tai I, J va phan giac trong goc @H C cit CB, CD lan luot tai K, L. Goi
M, M’ 14 giao diém cta BH voi AD, CD tuong tung, N, N’ 1a giao diém cta DH véi BC, BA twong tng.
Chung minh L, KJ, MN va M’N’ ddng quy tai G.

Loi giai :

Loi gidgi. Trudce hét ta chimg minh H, E, F thang hang. That vay, do céac t& giac ABCD, AEHD, CFHD
ndi ti€p nén ta cod
(HD HE)=(AD AE )= AD AB)=(CD.CB)=(CD.CF)=( HD.HF ){mod 1)
Suy ra H, E, F thang hang.
Xét hai tam giac HCB va HAD, ta c6
(HAHD)=(EALED)V=(EB. EC)={HB. HC)(mod 1)
Pé y H 1a diém Miquel cia tir gidc toan phan ABCDEFG)
(CB.CH)=(CB.CIN+H{CD.CH )= {AB. AD)+( FD. FIT)
=(AE. A+ ADEH ) =(EA EH )={DA. DH) {mod 7
Suy ra hai tam giac HCB va HDA ddng dang. Do d6
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HB HA HC CB
HC HD HD DA
GC_GB_BC
Dé théy AGRC  AGAD nén Gh G4 AD

Theo gia thiét thi HL, HI lan luot 1 phan giac trong cta CHD. AHE
LC_HC I4_HA
LD HD'IB HB
GC LC G4 14
Tu (1), 2), 3) ta duge GO LD vy GB IB  Suy ra GI, GL tuong tng la phan gidc trong céc goc

nén ta lai c6

€GD 3 HGB \j hai gbc nay 1 hai goc déi dinh nén G, I, L thing hang.

Tiép theo ta cAn chimg minh KJ va MN, M’N’ ciing qua G. Xét hai tam giac ALJ va CKL ta c6 CK cat AJ
tai F, IJ cat KL tai H, IA cat LC tai E. Ma H, F, E thang hang nén theo dinh 1y Desargues thi AC, JK, IL
dong quy tai G.

Lai xét hai tam giac FAC va HBD c6 FH, AB, CD dong quy. Ma FA cat HB tai M, AC cit BD tai G, FC
cit HD tai N nén theo dinh 1y Desargues thi M, N, G thang hang.

Tuong tu thi M’N’ ciing qua G. Vay cac dudng thing MN, M’N’, IL, KJ dong quy tai G.

Bai 5. Cho tap hop X 1a mot tap hop con ctia tap cac s6 nguyén duong sao cho trong 2023 s6 ty nhién
lién tiép bat ki ludn c6 mot sd thude tap X. Ching minh réng tdn tai hai sb trong X sao cho $6 nay chia
hét cho sb kia.
Loi giai :
Xét mot bang gdm 2023 cot va 2024 hang
Ta dién cac sb vao trong bang theo quy tic sau :

e Trong hang dau tién ta dién tir tri qua phai cac s6 1,2,...,2023.

o, \ . ST WY anqa K+ LE+2 L k+ 2023
e (ia su trong hang thr ¢ dugc dién cac so ( tu trai sang phai) 1a ] !
A=(k+DEk+2)0k+2023) U S oy s \ g Lk
e Dat (B DU 2) 00+ 20230 1y didn cac 56 ( tir trai sang phai) vao hang thir 1 +1 cac sé
A+ k+L A+ k+2,.., A+ k+2023

Nhu véy ta dugc mot bang gém 2023 c6t va 2024 hang thoa man hai tinh chat sau :
1)Moi hang déu chura 2023 s0 nguyén duong lién ti€p

1,2,..,2023

2)Trong mdi cot, s6 & hang j+1 chia hét cho hang thir j véi moi
Theo gia thiét,, trong mdi hang luén chira mét phan tir ctia tip hop X. Do 2024>2023 nén theo nguyén li
Dirichlet ton tai 2 phan tir ciia X nam cung mot cot. Tir tinh chit 2) ciia bang dang xét ta c6 dpem.

uigeli.xyz PE ON THI HQC SINH GIOI
PE 3 MON: TOAN 11

Cau 1 (4 diém). Cho 970 va day sé (x,) dinh boi

uigeli.xyz Trang 13




yv=ax0,x =

Chung minh rang diy s (%) ¢o gidi han hitu han va tim giéi han d6.

P(x).0(x)

CAu 2 (4 diém). Tim tit ca cac cap da thuc hé ) nguyeén théa man

0(0)=0 3 P(O))=(x—1)(x=2)..(x-15)

Cau 3 (4 diém). Tim tat ca cac so tu nhién 7 sao cho

n+ flmy+ f(fmn)+ s qn]}_} bL.=2023

9

trong do JACORT wdc nguyén duong 10n nhét cia sé ty nhién & va khac K va biét
H0y=f(l)=0

Cau 4 (4 diém). Cho tam gidc nhon ABC ndi tiép dudng tron (0), ABC <45 Mot
duong thang di qua B va vudng goc véi BC cit tiép tuyén tai C cta dudng tron (O) tai
diém 1. Goi D 1a diém ddi xtng véi C qua A. Puong tron ngoai tiép tam giac BCD cét
AB va CI lan luot tai H va K

a/ Chirng minh : DB.DH =CH.CB.

b/ Goi J 1a giao diém cua AB va DI . Chung minh ré’mg bon diém B, I, K, J ndm trén
duong tron c6 tam thudc dudng thang CD.
Caus5 4 diém). Ban Binh va An mdi ban c6 mot hdp bi Trong mdi hop déu c6 chira bi
trang va c6 chira bi den tong sd bi trong hai hop 1a 25 ( cac bi gidng nhau vé kich thude

va trong lugng)

a/ Biét hop ctia Binh c6 3bi trang 10 bi den , con hop ctia An 10 bi trang va 2 bi den

. M61 ban 1ay ngau nhién ttr hop cua minh ra 2 vién Tinh xac suat d€ bon vién cung mau.

b/ Biét hop cta Binh chira nhiéu bi hon hdp ciia An va sé bi den trong hop ciia Binh

nhi€u hon s6 bi den trong hdp ciia An .Ttr mo61 hop cua minh moi ban 1ay ngau nhién ra
uigeli.xyz Trang 14



uigeli.xyz
mot vién .Tinh xac suat dé hai vién dugc lay ra khac mau va biét rang xac suat lay ra

duoc hai vién cung den 1a 0,42.

HET
HUONG DAN CHAM
Ciu 1 (4 diém).
Nhan xét duge % = 7" =1
Ny = ,]T 2nt ) =2 |2 : v 22 2 2¥nz2. ,
Theo BPT C6 si, - 1 " suyra n-l (1 diém)
.
X =L1'., p o ) = f{x )
SR _
”:__I__yzl_l 2y 1
Ta co 2 "
fpye L2 1L
0< 2 a x 2(do(®) (1 diém)

V&1 moi x,y €[2,+) , theo dinh li Lagrang- c6 ce(x,y) hay ce(y,x) sao cho:
| ()= ()=l S e[ =]
iy . 1
= | ()= A ()= <] x— g
- (1 diém)

Do vay f 1a 4nh xa co suy ra day (™) c¢6 giéi han L

Trong phuong trinh xac dinh day cho # dan t6i vo clng ta duoc

Do d6 két luan L, =2 (1 diém)

Céu 2 (4 diém).
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Truong hop 1 .DegP=0.degQ =0 khong thoa

Tru’(‘)’ng ho'p 2 D[’gp =p = [‘D{:gg;] =y =

Nhan xét:  Da thic Dc’gP[{}} =12 va c6 hé sb cao nhat 1a 1

Nén hé s cao nhit ctia Px).00x) gy bang 1

Pathic 20 cohésé tw do bang 0 (vi Q(0)=0 )

-

2 5
2z 15

pa thie T(€0)) ¢ 1ap nghiem 1a 5 = 1123+

i

Mat khac De€(P1D) =4 (0.5 diém)
pg=15=+ f l_.:[q l .Jq F“[ff .
N =15 — =" — 9
Can bang bac ta co =i [ P lp=5"lp=3 0,5 diém)
J' q=1 [ O(x)=x

) Bt
skhi P71 Thiaoo 7=V D020 15) 1o bopiem

[q=15
+Khi 1p =1 ops P(x)=x+C =P(O(x))=0(x)+C=(x-1)(x=2).(x-15)+C

Do O(0)=0=C=-15!

[ P(x)=x+ 15!
{Q{r]:r[{.r—:]—lﬂ‘
Vay ta c6 cdp nghiém la I (1 diém)
fu=3
ki [P=3

thi PO = (3= )(x=x )= x (v —x, ) (v = x. )
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O(x)=x"—ax”+ hx (Do Q(0)=0 )

Tach PlOx))=(0(x) = x ) O(x) = x ) O(x) = x, JO(x) = x, ) O(x) = x.)

Suy ra {_)I{‘t] = X. I' = 1.5

3

M3i phuong trinh Y0 =% =1 b .c

c6 ba nghiém % "G

. L cd.+bh +c =—aviedl.2.3.4.5.ab +be. +ca =bh
Theo Pinh ly Viettaco = ™ l AR

> (a,+b+¢)=(1+2+..+15)=a=24
Ciing theo Viets ta cd !

Ta lai 6 (a, +b +c. ) =a- +b> +¢”+2ab +be +ca)=a +b +c=a -2b

i[fff +b 4 c-,.:)=[l: P27 44157 ) > a’ -2 =248

O(x)=ux

Do P(Q(,r]) c6 nghiém la 1 nén trong 5 phuong trinh c6 bo nghiém la

(1.b,.c, i}:- b +c¢”=247=3mod4

My =0 dmod4 a0 s Iy (1 diém)
I‘” =Py =(x—x ) x—x Jx—x.).0(x)=x" +ax’ +bx" +cx” +dv

ki 1473

Ta ¢ PO =0=0(x)=x..0=L1L3

Mbi phuong trinh O(x) =x, co 5 nghiém 4;:b;.c; \d; e,

4 | . . . " 4 —
A=1a.b.d.e...a.b.c.d . e :‘;-UJ =)
Ta dat i=|
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a-+b+c+d v =—(F+2 +..+15)=—"—

L] I —
¥l

Ta co

Thr lai va két luan
Céu 3 (4 diém).
Gia st 7 1a s6 tu nhién thoa yéu cau cua dé bai

Ja X A . —a S T B T
Ctrmbi 7 ton tai &V sao cho "' = #i-F2Faef2y

X X . .i=1.N . O T b
Trong d6 Pi 1a s6 nguyén to véi moi ! LN yap=p= Py

Tir gia thidt ta cg : PP Po Py + P2 Po P+ PPy Py =2022 (*) (ldiém)

2022 = p, €12.3.337!

Suy ra P

Néu Pv =337 dem thay vao (*) thu gon ta 6 :

PP Py PP Py T :':Si' P ::Si' n=5.337

-

Khi ”¥ =2 Thi (*)thanh 2" +2" "+ 4 241=2""=1=2022(v51y) (1 diém)

Khi P~ = 3 Thi (*) thanh pepp 3+ popl 3+ p 34+3=2022
Pi-P2Py Pt PoPye Pyt ot Py S 0732 Py [673 (510 4 Py =2 )
Thtr lai va két lugn # = 1685 (1 diém)

Cau 4 (4 diém).
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a/ Ta c6: 2£DCK = 2ACK = 2ABC = «HBC = £HDC.

Xét tir giac ndi tiép CDHK co

£C=2£DvasD+ £K =180°nén £C + 2K = 180° suy ra CD // HK

suy ra tir giac CDHK 14 hinh thang can. (1 diém)
nén DH = CK = «DBH = £ZKBC

= BK 4 dudng ddi trung ciia goc B = tir giac BDKC 1a tir giac diéu hoa

BD KD
— BC KC = BD.KC=BCKD

Két hop véi CDHK 1a hinh thang can suy ra DB.DH = CH.CB (1 diém)
8D _KD
b/ Vi tir giac BDKC 1a tir giac diéu hoanén 8C  KC

= 2 duong phan giac trong ciia ZDBC va 2DKC cit nhau tai diém E thudc CD ; 2 dudng
phan giac ngoai ctia 2DBC va £DKC cit nhau tai diém F thuoc CD

= B va K thudc duong tron Apollonius ctia tam giac DBC va DKC dung trén doan CD
c6 duong kinh EF.

+ Ta lai co:
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1 - g - 1 1 § ] g |
BEK =300" = BCK = (EBC + EKC) = 300" =(90" 4 BIC)= —(DBC + DKC) = 180" - BIC

Suy ra tir gidc BEKI ndi tiép. (1 diém)
+ Tur trén suy ra I cling thugc duong tron Apollonius cta tam gidc DBC dung trén doan
CD nén IE la phan giac cua géc DIC

ID_ED KD D IC

suy ra ICEC KC hay AD " KCnén DC 1 phéan giac cua goc IDK

Lai c6 £CAK = 2DAH = 2CAB
Do d6 phép dbi xtmg truc CD bién DI thanh DK, bién AB thanh AK nén bién diém J
thanh diém K. Phép ddi xtmg truc CD bién duong tron Apollonius ctia tam giac DBC
dung trén doan CD thanh chinh né, ma K thudc dudng tron Apollonius nén J cling ndm
trén duong tron do.
Vay bon diém B, 1, K, J nam trén duong tron Apollonius ctia tam giac DBC dung trén
doan CD c6 tam 1a trung diém EF thudc duong thang CD. (1 diém)
Céu 5 (4 diém).

a/ (2 diém) Tinh xac suat dé An va Binh lay ra duoc bdn vién cling mau
Ta goi A4 13n luot 1a bién cb An léy ra dugc hai bi tréng , 2 biden
Goi B+ B4 14n luot 1a bién ¢b Binh liy ra duoc hai bi tring , hai bi den
Truong hop ca hai déu lay ra hai bi den

LG, 1
G, G G T8 ( 1 diém)

P(A,B,)=P(A).P(B,)=

Trudng hop ca hai déu lay ra dugc hai bi trang

P(-IB}:P(,,]}P(B} C:-, C: _ |5

T
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67

Qui tic cong ta co 572 78 1726 ( 1diém)
b/ (2 diém)

Ta ky hidu 2D, 27 171D 134 1yot 14 cac bién ¢b 14y dugc 2 bi tring , 2 bi den , 1 bi

trang va 1 bi den va cac bién c6 ay la xung khac

— s
n, <y n,+ng=25

Goi "4°"5 1an luot 1a s6 bi trong hop ctia An va Binh . Ta ¢ va

d,.d d, <d,

Va goi 5 1an luot 14 s6 bi den trong hdp ctia An va Binh . Ta c6

| n,<n, (25=n,+n, <2n, | n,=I3
4 4 _ T _
n,+n,=25 |0, +n,=25

B (1 diém)

L

T n,+n,=25 |

. ke, ok, 21 . .
P2D)=—-4.£=042= = =S50k d,=21n, n,=n n,:5
/‘\ T l'.' ’ ’ ’ hY r
P& cho n, ny ll va e g

Nén c¢6 hai truong hop xay ra

S=p,=W=d d,=42=d =3.d, =14

Truong hop 1: " — # A 4= ey
Va do d6 sd bi tring trong hop ctia An va Binh 1an luot 12 2 va 6

O 012= PUTID)=1-0.42-0.2=0.46

P(2r)=
20

Vay

| b

n,=10=n,=15=d, d,=03=d,=5d, =9

Truwong hop 2 :
Do d6 sd bi trang trong hop ctia An va Binh lan luot 12 3 va 6

POT) == 0 —012= PATID)=1-0.42_0.2=0.46

Vay 10715 (1 diém)

)

Két luan : 0,46
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uigeli.xyz PE ON THI HQC SINH GIOI
DE 4 MON: TOAN 11

Bai 1 (4 diém). V&i mdi s6 nguyén duong | xét phwong trinh el +xt=3 ()

a) Chimg minh rang v&i moi 7 phuong trinh U ¢6 duy nhat mot nghiém duong.

b) Ki hi¢u nghiém duong ctia phuong trinh (1) la Y Chtrng minh rang cac diy sd (x”) va (x, = 1) co

gi61 han hitu han va tinh cac gidi han do.

} . - - 1A L

Bai 2 (4 diém). Cho ba s6 thuc *>Y> thoa man l=xnz=0 - 12 . Tim gia tri 16n nhat va
g

gi tri nho nhét ciia biéu thirc P=x"ty +z

Bai 3 (4 diém). Cho tam gic nhon ABC ¢4 cac duong cao
tam giac ABC cit duong thing EF tai M va N (cac didm M-F-£-N 1in Iuot ndm theo tht tu). Gia

sit BM cit DI tai 1, CN cit DE i K . Ching minh rang tam giac 4/K 13 tam gi4c can.

2 1 . =9 = 1 o=
Bai 4 (4 diém). Cho day sb (@) x4 dinh nhyr sau @ = %@ =20, —l a2 1.
all
a) Xac dinh cong thirc tong quat cua day
m . p ) . m =5 ' .
b) Cho  1a mot s6 nguyén duong tuy y va  1a mot udc so6 nguyén to cua . Chiing minh rang
i a” . . p 2n+2 ) p _ 1 .
néu  chiahétcho thi la udc so cua

- . % A N 1 PR TR B T A PR
Bai 5 (4 diém). Cho s0 nguyén duong n va ki hi¢u . V61 moi hoan vi

S=Y Pa, —k|
PO I l , - et v n , claa,isa l ) 5 o
L2 bl cna X dat k=1 . Hoi ¢6 bao nhi€u hoan vi '"'" bl cia X théa man
. _“)‘;=E|E[|’: —A| . . ]
biéu thirc b=l dat gid tri 16n nhat.
----- HET -----
PAP AN
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Bai Noi dung Piém
o NP 8 €3 EYORIESE
a) V61 moi sO nguyén duong /7, xét ham s6 .
i e m v =+ - 1.5
Co f,(0)=-2<0 jAmbn TS va I (x) l1a ham lién tuc, don di€u tang trén khoang
(0:40) , L o X
nén PT (1) c6 duy nhat mot nghiém duong .
_b)_ f=e=200=f ()=, <t
" x )J=¢"+x =3=0<e¢"+x I—_j.*: i B3 =X
Lai c6 folx )= 0= o0 }:>1 > X,
1
imy — e =]
= dlimx = A hiru han va X, < Ad=1n . 1,5
“
diém) N o F AN s gn 2
Suy ra 1+ (% )=0<f(d)=c"+4" =3
Cho # = +x=e" +limA" -320=IlmA4d"23-¢" 0= 421=4=1
T T Bt
, L+{x =1 L
X' =3-¢" =nlnx, =In(3-¢" }=n(x,~1)In L, 1h=hﬂ:—f) 1,0
) ’ -1..,- — ' )
cho > = lima(x, —1)=In(3-¢)
Bai Noi dung Piém
2 +Ap dung BDT Bunhiacopxki:
“ 3{x2+y2’+z2)3 [x+y+z)2=144p X +y +7° 48 1,0
diém) '
min P =48 a=h=c=4
Vay . Pang thuc xdy ra khi va chi khi .
I 0

xtytzb xft 4

Gia su

Xy +Z =144 uy- yz- 22 =144- 2x(12- x)- 2z

Ta co
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yz- - 62+ 36=(y- 6)[z- 6> 0P yz* Bly+2z)- 36=36- 6
Ma
b x* +y? +2° £ 144- 2x(12- x)- 2(36- &) = 72+ 2¢ - 12

=y 4+ =62+ 2(x—1)(x-5)=a62

max P = 62 [X;}’;Z) = [],'5;6)
va cac hoan vi.

Vay . Péng thirc xay ra khi va chi khi

Bai Néi dung Piém
3 I K
@
2 N
diém)
P
F
M
[
B D C
2,0

Goi H 1a tryc thm tam giac AB C, P1a giao diém cia A0 3 EF

180 - 40C | 4EP 90" - UBC + 4EP = 90"

PAE + AEP =

Ta c6

ABC=AEP,

(vi

= APE=90"= 04 LMN 3 OM=0ON =04 trung truc doan
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Lai ¢6 hai tr gidc ACDF 3 BCEF pg; tiép suy ra AFD =BFE = BFI = BFE
3).

ABFI = ABFN(g.c.g)= BI = BN.FI = FN = BF

T (2) va (3) suy ra 1a trung

truc doan IN

Dan dén 4/ = AN Hoan toan twong tu co/m AK = AM

41’ = "4K o “":I ."'.»'ff . .‘4 ."‘I'h'r

Két hop (1) suy ra 4 doan thang bang nhau = dpcm.

Bai Noi dung Piém
(V5e2) +(¥5-2
i, =
. . ' 2 1,5
Bang phuong phap chung minh quy nap ta co6
NPT
mo=5(mod p )= a = b 2) - bn=2) (mod p).
Do )
4 i 2 S 5 2 . _ ‘ _ .
0 ipes (m+2) wi_m ) p=s(mi2) +m=2)"1p (1)
“ Vi vay i
diém) mo=5(mod p)= (m+2)(m-2)=1{mod p).
Hon ntra 2,5
(e (m+2) +1ip
Vi vay
. |[' "+ 3}: -1{p . _
i J2= pfl= ) = 2" =ord (m+2)
I‘[:m L2 —lip
Ta co
; C IR
Mi (m+2) =lmodp)=p-1:2 dpem.
Bai Noi dung Piém
x. ke 230 dn) =max {3a, ke, = min3a, k)
5 Véi méi’f" el d._..___.—hr,,ki hiéu b, =max [3a ke, =min3a JL,. 2,0
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IR D ACERIE WED 38

Khi do © I

Ché y

Z—"h} <3[(mt 1)t (n+ 2) 4ot dn [+ [(3na 1)+ (304 2)+ ot dn | = 2007 + 5
+ k=1

S e 231020 i) (1624 3n)= 00+ 3
(4 —+ il

diém)
-Zl?.*[f__‘ —J'{|‘_i 200"+ 2n
Suyra *!

Dang thirc xay ra khi va chi khi 2 diéu kién sau duoc thoa man:

c e 3 3t fnlm et 2ot 3 4n!
 Véi moi keili 23030 thi @ €W Lo+ 2o+ 3o
2,0
e l3n+ 230+ 304 i:2:3
+ Véi moi keldn+L3n+ 230+ 3040 thi a, 412 "
. ! !
Vay co tat ca nt.(3n)! hoan vi thoa man.
uigeli.xyz DPE ON THI HQC SINH GIOI
DE 5 MON: TOAN 11
(u,) w=3u =u +2n+2,Vne
Céu 1 (4 diém) Cho day sb duoc xac dinh boi
)
n
a) Chirng minh rang day so ¢6 gi61 han hitu han va tinh giéi han do.
[ U
i wo= 3T Al
n Vo=, +1 ' [ A a
b) V&i mdi s6 nguyén duong , dat va . Tim tat ca cac s6 thuc  sao cho
(n“w,) 0
day sé c6 gidi han hitu han khac
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f — wf _1'}[:_1'1 ()4 2023)= 2023

Cau 2 (4 diém) Tim ham s théa méin . thda man

sd AB = 60"
Ciu 3 (4 diém) Cho duong tron (O) va day AB, P 1a diém chinh giira cung nho AB ( ). Tiép
tuyén tai B cua (O) cat AP tai C. Goi Q 1a di€ém doi xtmg v6i P qua BC. Duong OP cat duong thang qua
C vuong BC tai D. Ching minh 4 diém A, D, C, Q cung thuoc mot duong tron.

a,b n
Ciu 4 (4 diém) Cho 1 cac s6 nguyén duong thoa mén véi sé nguyén duong  nao d6 ma

na -+ na+ | nb+1
1a 1ap phwong dung ctua mot sé nguyén duong thi cling la 1ap phuong dung ctia mdt

4b+1
sd nguyén duong. Chimg minh rang 13 mot s6 chinh phuong.

n

X 2 n X
Cau 5 (4 diem) Cho so thuc  l6n hon  théa man véi moi s6 nguyén duong thi 14 s6 vo ti. Voi
t x'
moi sO tu nhién , xét cdc quan bai gom cac loai c6 gia tri bang . Hoi c6 xdy ra truong hgp véi moi so
m m
nguyén duong  thi déu co thé chon ra dugc mot s6 quan bai co6 tong gid tri bang  va moi loai bai

6
duoc chon déu khong qua  quan hay khong?

............................ HET oo
DAP AN
, (u, . cuy=3ou, =0t 2nt 2Vne
Cau 1 Cho day so duoc xac dinh béi
u,
’ . M ~ A ”3 J e ~ N 7 s I3
a) Chuing minh rang day so c6 gidi han hiru han va tinh giéi han do.
141 1
) W=
o, n vo=u, +1 IR , , a
b) V61 moi s6 nguyén duong , dat va . Tim tat ca cac so thuc ~ sao cho
,(nw) o
day so c6 gidi han hiru han khac
Loi giai
o n i =u - o Vo=, ==y =L vVee
a) V&1 moi s6 nguyén duong , dat ,taco
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il

Co .
_ 2 - lim—==lm——o—0=1
u, = +n+l,Vne n e
Luc nay ta s€ co duogc . Vivay
vo=(da+t 1Y +l=(n+ )(n+1) +1].¥ne
b) Ta cod nén
vvseay, (F 24 D037+ D+ DL[(2e =17 + 11 2a)° +1] 2 B 1 e

v, (25D D S D20 S 2a e 1 0] (201 41 20 4 200 ]

S 1
limuww, =—
" =3
Vi vay ta s€ c6 dugc .
Cgs2 limn“w, = 4= L a<? limn“w =0
Neéu thi r0 rang , con néu thi
.3 1
limnw, =—
Y TS 4 a \ = \ ' 2
Vi vay tat ca cac so thuc ~ can tim la ,va .
) f0 =0 aof (v ) f ()4 2023) = 2023
Cau 2. Tim ham s0 thoa man théa man

o wf (e v )l () + 2023) = 2023 = xf (v ) (o () + 2023
HD: D61 cho x va y ta dugce
vl () 2023 )= w0 (1) + 2023 avf (v )+ 2023 = v () 2023
Ma f(x+y)>0 nén suy ra
y 2023
o fle)=——=1¢ C= f(1)-2023
Thay y=1 va bién doi ta dugc ' voi

Bién luén ta dugc khong tdn tai C. Vay khong tdn tai ham thoa man dé.

Cau 3.

Cho duong tron (O) va day AB, P 1a diém chinh giita cung nhé AB c6 sd>60 d6. Tiép tuyén tai B cta
(O) cat AP tai C. Goi Q la diém dbi xting véi P qua BC. Pudng OP cét duong thang qua C vuéng BC tai
D. Chung minh 4 diém A, D, C, Q cung thudc mét duong tron.

HD:+ OP cit QB, AB lan luot tai E, F.
+ Cm tg QCDE, QDAE noi tiép
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A ab N L. X . n o ona +na+l
Cau 4 Cho la cac s0 nguyén duong théa man véi sO nguyén duong  nao dé6 ma la

. b+1 .
1ap phuong ding cua mot s6 nguyén duong thi " cling 1a 13p phuong ding cua mot s6 nguyén

duong.

, Y, . noona tnatl o , a2
a) Ching minh rang ton tai v sO s6 nguyén duong  dé la 1ap phuong diing ciia mot so

nguyén duong.

.y 4b+1 .
b) Chirng minh rang la mét so chinh phuong.
Loi giai
no=k'(a’+a)+3Ma+a)k’+ 3,V e na’+nat+l=[kia’+a)+1]
a) Dat , khi d6 1a 1ap phuong

ding cia mot sO nguyén duong.

na + na+1

£ X s A R Z A n .z s 1a , , A, A A
Vi thé ton tai vo s0 sO nguyén duong  dé la 1ap phuong ding cia mot s6 nguyén duong.

b) Pau tién, ta c6 bo dé sau:

2 P(x) , . . .
Bo dé: Cho da thtrc h¢ s0 nguyén c6 bac bang 3 thoa man véi moi s6 nguyén duong " thi ta déu

CP(n) , o . _0(x) P(x)=0(x)
co 1a 1ap phuong ding. Khi d6 s€ ton tai da thurc hé s6 nguyén sao cho .

Chirng minh b dé:

L Plx)=ax i he vev+d  a,be,d . a#0
Viét Vol la cac sO nguyén,

x, . ox =Pn)

fe Xe £ " no i . £ " noex
V61 moi s0 nguyén duong , ton tai sO nguyén — dé

Lo . X A no..
Ta c6 voi moi s6 nguyén duong  thi

— a3 3 ) b2 1)

X, = {Jlrr.'[ﬂi' TR | A T | :."—J:.'.'-." Fhy” o+ d = - - o -
Jrin ey PP 1y + 3 Pny
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" I ne TR T
APn+ 1)y JPPn+ 1) _|'r‘r_n]-‘
0" i n'

lim(x, , —x,)=a a

Vi vay , ta lai c6 gidi han cua mot day ) nguyén la mot ) nguyén nén lasb
. Ny, N, X = u"ﬁ Thzn, ) . o 4 A =a
nguyén va ton tai  dé . Khi do s€ ton tai sO nguyén ~ dé va
X, —x,=4,nzn,
X, =An+x, =Alntn)tx, —An, Fnzn, x,=An+ B Vnzn, B=x —dn
Ta co nén , 0 day
(An+BY =x,"=Pn).vnzn, Plx)=(Ax+ B) O(x)= Ax+ B o
Vi vay nén , lic nay ta chon la bo dé
dugc ching minh.
Tré lai bai toan:
o, nmb+1
V61 da chon ¢ phia trén, ta c6 cling 1a 18p phuong ding.
Plxy=hla +ayx +3bla +a)x + 3het | I?,\_bJrl P(k)
Xét da thirc ,taco la 1ap phuong ding nén la

1ap phuong dting v6i moi s6 nguyén duong

) L o AB ., Plx)=(Ar+ B)
Ap dung bo de thi s€ ton tai cac s6 nguyén de .

A N A, 1A A . B=1Lbh=4 . hb=a +a
Vi vay sau khi dong nhat hé s6 ta s& c6 duoc nén .

dh i l=(2a+1y , .
Luc nay ta sé co duogc 1a s6 chinh phuong, tir 46 ta c6 diéu phai chimg minh.

A £ X . 2 . % A nooxXt %
Cau 5 Chosothyc = 16n hon ~ thoa man v6i moi sO nguyén duong  thi =~ 1a s6 v6 ti. V61 moi so tu
r

I S S A \ feo - A A
nhién , xét cac quan bai gom céc loai c6 gia tri bang = . Hoi c6 xdy ra trudong hop véi moi s6 nguyén
m \ 5 1 ., s, e m . x. C s
duong  thi déu c6 thé chon ra dugc mot s6 quan bai co6 tong gia tri bang ~ va moi loai bai dugce chon
A LRA L0 R
déu khong qua  quan hay khong?
Loi giai
Cau tra 10i 1a c6 thé xay ra truong hop déy.
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Gia st ton tai s6 thue * thoa man yéu cau dé bai, khi d6 ta c6 thé chon ra mot sd quan bai c6 téng béng
7 va mdi loai bai déu khong qua 6 quén.
x' t> . x'>8
Trong cac quan bai dugc chon, khong c6 quan ndo c6 dang = véi , bo1 vi néu cé thi , Vo ly,
2

A f, X A X A 1as X
ta cling c6 nhan xét rang khong thé c6 2 quan bai .

2
~ A as 4y A, A A X A O ss 18 A A g2
RO rang phai c6 it nhat mot quan bai = , vi néu khong thi =~ s€ khong phai 1a so vo ti.

et = T ke 0L 2, 0

U A i S A il 0y oy >2 0 .2 X .z L.
Vi vay , VOi . Vi nén ta co thé chon = la so6 thuc thoa man
X 4x=7

J9-1
2 . o m ‘ :

Luc nay, chon , ta s€ chimg minh v&i moi s6 nguyén duong  thi déu c6 thé chon ra duogc

Ay A A 1ne s R TR m .. c s A N , 6 A
mot sO quan bai co tong gia tri bang  va moai loai bai dugc chon déu khong qua ~ quan.

. o, m . , Ay ol g d,

That vay, ta s€ chirng minh véi moi s6 nguyén duong  s& déu ton tai cac so thuc de
Plty=(+t=THat +..+a,)+m 10,1,2,....6

¢0 cac hé so déu thudc

P(x)=m

Néu c6 dicu nay thi 10 rang va s€ thoa man yéu cau dé bai.

g TP ‘
Ta c6 cac hé so cua lan luot 1a

,... 1a ta s€ co6 duoc cac hé so

P(1)

cua déu thuoc

Tir d6 ta c6 dugc khang dinh cho bai toan 13 ¢6 thé.

uigeli.xyz DPE ON THI HQC SINH GIOI
DE 6 MON: TOAN 11

Céu 1. (2 diém)
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ras =0

~ £ (s o2, —2a TS S/ AR SR 7' L -
Cho day so{ ”} xac dinh béi = ! . . Tim diéu kién cta 0 dé day{ ”} c6 gidi han hiiu

lim (na, )
han. Trong truong hop nay, tim >+
Cau 2. (2 diém)

Tim tét Cé CéC hém ,f L= vl f [.".- 1 :|'_| -/ [.-'.-_.1']]: —‘I'.'|'|'l r'-l '_1-".".-.'.1' =

thoa man - [
Cau 3. (2 diém)

Cho tir gidc 161 4BCD ngi tidp (O) . Gia st tia 4B cét DC tai £, tia BC cht AD tai F, duong thing

AC ¢4t dudng thing EF tai O . Gia sir duong tron ngoai tidp tam gidc A£G cétlai (O) tai K khac
A.

a) Ching minh ring KD di qua trung diém / cta EF .

b) Giastt EF 1an luot cit BD , dudng tron ngoai tiép tam giac [AC tai 1:/(7 = 1)

Chimg minh rang O =0J

Céu 4. (2 diém)

X, y>2

Chimg minh rang khong ton tai cac s6 nguyén dwong phén biét sao cho :

.I_."l.". . 1.!= _II."I.‘. ; _'._'!

Ciu 5. (2 diém)
Cho da giac 16i ” dinh. Ta nbi tat ca cac dudng chéo. Biét rang khong c6 3 dudng chéo nao ddng quy
bén trong ctia da giac da cho. Tinh sé mién da gidc duoc tao thanh bén trong cia da giac 161 d6 (ta chi

tinh céc da gidc ma bén trong né khong cé dieém nao thudc duong chéo cta da giac ban dau)

-Hét-
HUONG DAN CHAM
Caul
MNa,  —a )=—a =0 A . L N ) .
Ta co 2dy —a, )=—a, 2 , suy ra day {a”} don di¢u giam. Gia st {a”} 6 gi6i han hiru han 13 4, tir
% _"7 — 2
=ty =2y =0 6 2A=244 AT =0 gy A=0

Néu % < 0 thi {a”} khong thé c6 gidi han bang 0 do {a”} don di¢u giam.
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Néu %> 2 thi @ <0 4o @6 %) khong thé co gidi han bing 0 do () don diéu gidm.

2 << =2 ‘e 3
Néy 05402 g 0<a, <2.9n , do do ) c6 gidi han bang 0 .

o lim (na, )
Tiep theo chung ta tinh .

, _ _ lim (na, )=0
Néu % =0 hoge 0 =2 thi v

. O<q <2
Néu 0<% <2 a6
1 2 1 I
i, 1:.‘,,_,—:.'_:3 2—u i
Suy ra
n-1
RN
i i et 3 __ . , \ A . ,
' theo Dinh 1y trung binh cong Stolz-Cesaro, ta c6
Il | : I
lim ;E g lim S— P 5 lim (na, )=2
=0 - w1 7 Vay tu dang thuc trude do, ta c6 ngay '+
Cau 2
Cho 4=/(0) Thay * = vao ™) ta co
|r. rj'-] =+ —]' |r r'-] Vor,l m(_)l x=0 )
R

%k I3 Y - -
Thay x,y boi 2x, 2y vao ) va dung tinh chat bén trén (ta chon x, y sao cho x#0 ), taco

24 (e ) =4f(x—] =8 a + 4/ (x)], hay

floty)—f =)=y bl f ).

(1)

A ' = ] ﬂ".' = i N . .
Kéthop (2) va (*),tacé azohay-f(o)_o;tfrdé f(2x)=4/(x) vl moi X
Thay! =~ "% ¢ ) ta co

F=20)= 40 10)= F120) 65 moi x# 0. Do J(0)=0 4 suyra / 13 ham chin.

Thay * bdi = ¢ (1) ta co:
fi=r—vi=fly—xl]=4f(—x), hay
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.-'.-l:.lII [_1' X ll'_ Jr[_l'_ ."-]']= ;]..1'_! [.".-]'. Biéu néy dan dén
ol flvsx)= flr=x)]=4y" f(x)

To ) tace YLt xd=fHy=—xl]=4 (v} g hop vé6i phuong trinh bén trén ta c6

f(x)=cx

A= g moi x, y. Piéu nay din dén-

Cau 3:

a)

Giasit KD EF tai 1| ta ching minh / 1a trung diém EF

+) SIER = SGAKN (K e (ARG ) = JIDETK = (02)) nén  JEK ~ IDE

Din t6i /E” = IDIK

+) Ta c6 K 1a diém Miquel cua tir gidc toan phan EBCGAF 4o K thudc (ABCLIAEG) fay

K = (FCG). Tir d6, ta duoc SIFRN = ZACK = ZADKIK =(0))

= ZIDF ngn PR = MDE q3n (6 IF° = IDUK = IE” pay IE = IF

b)
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Goi L 1a giao diém ctia ACBD e dinh 1y Brocard, ©L - EF = HJ 1ngn yéu cau bai toan tuong

duong chimg MINh LI = LJ. Goi M 1a trung diém A C. Do (ACLG)==T ya

OM - GL=0GA-GC = P i = Of-GJ nén tir gléCMLIJ 1’161 tlép Suy a ALIH = SGMT

-Do K 1a giao diém cua (GAENIGEF) han tdn tai phép vi tr quay Stdm K sao cho
SIA=ECF s M;I 14 trung diém AC; EF nén © M — 1 dn t6i K e(GMI). Suy ra

SOMT = 2GR D,

Do WHG-EFY==1 pap 111G = IE" =ID-IK nan giac KDGH noi
tidp. Suy ra ZLHJ = ZGKD = ZGMI = ZLIH hay LHJ can tai L

Cau 4:

=

~ 1.7 . e X A N A e _ T 1 £ 1 .
Ta s& chiing minh : "v&i mdi s6 nguyén duwong 7 =2 néu " # = L thi hamsé /> duogc xac

dinh bsi /(9= 13 don anh".

a) Trude hét, ta ching minh /) 13 ham tang véi ¥ = 27
Ta co

- Suy ra X!Z X" hay / (x)z0.%xell \xz2n
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Hon niia

I"].l"|' (A

| v -

Lo I Khidovei X227 taco

flat =D+ ) =1+ —| (xbx" )+ | ot 1=| T+ = | ‘.'-.'!i flao) el l=ehel= fx)
" X, o \ X, |

Do d6 /%) 13 ham tang véi moi =27
b) Bay gio ta s€ chung minh f la don anh.

Gia st ton tai hai s6 nguyén dwong <Y sao cho /=110 DE thdy ¥ <27 Goi ¥ 1a mot udc
nguyén t6 caa X . Khi d6

plo=x"=v= " =xl{x+ ). (v— ]}_1'—_1'"_Suy ra Pl V.
Mat khac, ta c6

=l (== lgye

v )= (vlal)= o (1 =)z

Hon thé nita

voixl) = Z

X

_.'l]

— T X jn'i'
o e

Sy p-l op-l

(p—Im=ip-1)p (=2

Tu (1) va (2) suy ra " Pidu nay din dén = 2 hay ¥ chi nhan 2 lam udc

4 _ m , . . X ~ y
nguyén to tic la ¥ = 2" v6i moi 86 nguyén M =2,
Khi do:

N B

¥y El —x '= 1':[ xl)= Z :I

=2" -1

L y=2z(ze .ged(z2)=1)
bat "L

Xét cac truong hop sau day:

-Néu kK #1 thi

! A T L Ly T, ! m 0
vy = x )= (20 =2 ) =0 mm.L.m..S 2" -1 pg 2

uy ra 02 =x<2 pegn n=2" -1 (ya1y).
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-Néu k=1 thi

) F I"_ .-"__ i 'r'l IIIII -_"_ .'-_ I ) -_"_ " :.-L -
L:|:_1 5 .'_ 1:|:__ |:_ ]”_mar l:|:_ ]}_.lmi'.DO 2 _ v ey nén ‘”>2m71.Vithé

2 = (a2 mn =227 =27 (v6 1),

vay 7 1a don 4nh véi moi ¥ 22,

Cau 5:

Goi lan lugt 1a sO mién tam giac; tir giac; ngil giac;...; m- gidc dugc tao thanh.
Ay o S=g i, ta
Ta can tinh b
+) Trudc hét; ta dém tong tat ca cac dinh ctia cdc mién da giac.

. . s A=3a 4 Fod

Ta thay ngay tong nay bang A=3a, +4a, ..+ ma, .

Hon nita; néu dém nhu vay thi mdi giao diém ciia 2 dudng chéo s& duoc tinh 4 1an (do giao diém do
thudc 4 mién). Mdi dinh cua da giac ban dau s& dugc dém ”—2 1an (do thudc 7 —2 mién)

4=3a. +4a, +..tma, =4.C +n(n—-2)

Nhu vay, - (1)

+) Tiép theo, ta dém tong tat ca cac gdc trong cac mién cua da giac.

L A vy B=I180"a +180" 2., + 180" 3., +... + 180" (m—2)a,
Ta c6 tong nay bang :

80" (n—

I3 I3 ., A b n L. 0
Mat khéc, tong cac goc trén chinh la tong cac goc cua da giac ban dau ( I “)) cong vgi 300

nhan tong cac giao diém cua cac duong chéo.

Nhur viy B=180"a, +180"2.a, +180"3.a, +...+ 180" (m—=2)a, =180"(n-2)+300".C’
LY I I " e I "
Suy ra i, +2a, 4o+ (m=2ha, =207 +(n—2) )
S=1+C : i n—13)
Tu (1:(2) suy ra 2 '
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uigeli.xyz DPE ON THI HQC SINH GIOI
PE 7 MON: TOAN 11

Bai 1 (5,0 diém)

1

0O<a<—= T S
Cho 2 va ham sb flv)=ar+In{x+2).
a) Chtmg minh day sé (%),21 xae dinh boi

(=00 x = (o= 120

.-.-I -~ LR 1
c6 gi161 han hitru han.
100

Zal,. =0

b) Ton tai hay khong cac sé thuc ety thog o dong thoi day sb ('V” )”—"l xac dinh boi
[ fn+l f(n+2 fn100) )
Yo = ‘f; €, 1) v d, b+ 2) ' [”—} |.-'i'= L2,...

R .
"+ 2 S ot 3 ' i+ 101

c6 gidi han 1a s6 khac 0?

Bai 2 (4,0 diém)

Tim tat ca cac ham so I

thoa man

F)f (v =xf (£ () £ (x) e

Bai 3 (5,0 diém)

Cho tam giac 48 C nhon khong can, noi tiép dudong tron (O) va c6 duong cao 4D- Goi E 1a diém di

A, B

dong trén cung nhé 4B (E khac ). Pudng thing qua £ va song song voi BC va cit duong tron

(O) tai diém thu hai la £ Puong tron duong kinh AB cit AE, AF lan luot tai M, N. Duong tron

duong kinh AC it AE,AF lan luot tai N.Q. Chtrng minh tiép tuyén chung ngoai cta cac dudng tron

DMQ

ngoai tiép cac tam giac va DNP 1yén di qua mot diém cé dinh.

Bai 4 (3,0 diém)
Cho ddy sb ()01 xéc dinh boi

2(2n+3) . »
=00  =——u —3n+l).¥nzl
! 0 .

a) Chirng minh " 1asb nguyén voi moi sd nguyén duong -
A 4 r — P ’ 3
b) Chirng minh ton tai v6 han s6 nguyén to £ sao cho “» 7P chia hét cho P -

Bai 5 (3,0 diém)

]

el 0L e o
Saie / thoa man

Cho sb nguyén t6 * >3, c6 bao nhiéu bo (G'b'c) voi
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@b b =abt b ca [ mod p

~-Hét--

X

HUONG DAN DAP AN

Bai

Noi dung

Piém

o

]——[."‘*ﬂ
2

. . 1
_‘..’Il:_.'l.'}: [] —[.'}—— e
v vOl moi

voi ¥>0 Ta ¢6 x+2

Xét o |:__'l.'}= = [.,}

x>0
lm gix)=+= lmg(r)=-In2<0 ;o0

Do+ ' RS H va € lién tuc trén (0’ +Op) nén phuong trinh

g(x)=0 cd nghiém ~ Yo > duy nhit.

1,0

b | =

s

>0
voi moi 7 va X+ 2

Nhan xét - v6i moi ¥ >0 nén véi moi

n>1 ap dung dinh 1i Lagrange cho ham s f .Tacéo

|.,I—-, |_|Jr|: ". }—”'- }|i!“'l.:H'-"---l_'."-l

A B B

. < | o —

== ol 3 | |.l.I .l.||
|_ s |'" I

Degt—=1 ijlu- | =0

) 4 R

Vi - nén

Pd |

limx =x,.
, do

1,0

ds
Béd&Chﬂﬁy%(%L”x%dmth "J_ KMdé“m%:*“

h(x)= Jr vGi x>0

Chung minh. Xét ham s6

|
h'(x)= _
Khi do, 3\""; lién tuc trén (O’ +OC)

nén véi moi sd nguyén duong J , ap dung
dinh ly Lagrange trén cac doan [’I;'] * 1]thi ton tai ce(sij+1) dé

- ; . 1 1
|'Ii'|:.|'. ']}_l'li'[I.'.}zlllil'[[-}zﬁ—__..._-_
| | e i

F— “
Panh gia trén ding v6i moi / L2 nan

B+ Dy=h(l)=(h(n+1)=h(n))+(h(n)=h(n=1))+..
i o e
()= R(1)) < =X -
25
2T )

, tir d6 bo dé dugc chu:ng minh.

1,0

v _f"i“ fln . )

Tré lai bai toan, gié st /" ¢6 gidi han bang />0

_Z i) 1

bat

1,0
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i
5 . - if noe N z, = " 'J,_ =N
Ton tai s6 nguyén duong NV sao cho 2 hay =N . Vay véi
Z oo Z I
moi 7> N thi ~ T EE
ijz: =t
Theo bo dé, suy ra -
A=max|a| | . 1,0
Mat khéc, dat et @ong thoi chl y rang
f --"-' AN ][] ..'l.' P2 100
[ ]}|= il — ] { [ ) ] } < ]T.'. = () Z(}r;_ = O
A A A Vé ]
Vé&imoi 1= N+ 100 3
- 2 ) L N e nti)
Z.|= i - = i, ———+ ...+ i -
Z. ‘Z.Z f+i+1 ‘Z.“ N+i+2 Z. i+
FIN+2) f{N+3) _ £V 100)
=l ———t (g + . ) ————+ .t a + .t a, ) —————
N+3 ' N+ 4 ' N+ 101
. fln+2) f{n+ 100)
Pl +ota,, | ———+ . ta,,, ————
o n+3 n+ 101
<2 A+ 244 . +994)(a+ 1)=99.1004(a+1)
Diéu nay dan dén mau thuén.
Trong truong hop limy, =1"<0 thi ta ciing tim duwoc mau thuan bang cach thay f
boi -/ Vay khong ton tai cac s6 thuc izl thog yéu cau bai toan.
(x l.=l. -'._v'.'. 1,0
Kyhica | (51 (vex) =l (F())e /7 (x) e (1)
TH1. / 13 ham hing thi /)= 07
TH2. / khong phai ham hing
Thay *=0 duge ' (7 07)=77(0) i / \hong phai ham hing nén” (©) =0
Gia sir thn tai # d& 7 (D=0 i thay x=1 vao (D a quge */ 1/ (1))=0
Néu 4 #0 thi ft ‘..1'”:“ véi moi ¥+ Khi dé flo)fivex)=0"(x)
Cho ¥~ 7 vao phuong trinh trén suy ra S(x)=0.9x : mau thuan
Véy u=>0 hay ! [_."-'}= s v =10
fla)=rf(h) 1,0

+Chirng minh / don anh. Gia st ton tai cac s6 thuc a,b sao cho
Néu fla)=f(h)=0 thi @« =b =0.

. (a)=r(h)=0 x=bhy=ua

thi 1an luot thay * = %V = b va
af ( ! [:."1 H P [:t.' ) =hf [ i [::.' H P [:.":l}

Vay 4=bhay / don 4nh.

N suy ra
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+Ch1:[’ng minh f 1é . Thay y=—x suy ra JI‘ ) |: S } = —_'.,'.lr. |Il .Ir |: — H hay

i . |: - } =xf |Il ! |: Ry H

Thay ¥ =% g / () (20)=of (S )7 (o) =7 (=) 4 7 () T
Do do (x).£(2¥) 1a ham chin. Thay ' = —2x
S ) f (=)= (F(=2x))+ /7 (x)

Thay ¥ boi 2% va = 2% duge =2 1/ (72001 /7 (20)
P2 )= =2 (=2 = 20 (o) ()= (=x)

Suy ra F{2e) i (x)=27 () f (x)= A (=x))

P2 ) )= 20 (=) (=)= ()

ta duoc

Hay

Vay , suy ra /e

1.0

ey f{x)
Ff(x))=— }.'T.-’.'rzf] (1)
Twr (2), suy ra x , én tr ta co
» i)
flotri=r.—
x+) vi(x)

Hoan d6i vai tro * 7V

Cf (x) Fr 20

) f.:..".' y
()=l )

v iy )

- f I:-.}_ f [1} ||,» f : [1} | Jr.: I:-.} -.|_ .
v o | ¥ v ) B

(v

——

X

—

A A

) )
Vivayvei V70 i y
fley Ay . o
v 1’

f |: X } = |: l }., T

=0
nén

Vi A 1 nén KL flr)=ac,%x{ae )

1,0
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Goi LUV theo thir tu 1a trung diém BC, MN, PQ.

4-.8-.11!-.10} l"'LC-. \-.Q\}

Ta c6 cac bd diém \
ABM. 4CQ

cung thudc mot duong tron va cac tam

ddng dang nguoc hudng. Do d6
(PMLPO)=(PM ,PA )= BM . BA)=(CA.CO)

=(NA, NO)=( MM, NQ)(mod 7).

giac

M, NP9 thuge mot dudmg tron.

L5 UM

e =

Vi BM J/CN vy LC LN nén theo dinh 1i Thales ddo LU/ 8M //CN. Do
do LU vuong goc MN. Vay LU 13 trung tryuc MN.

Tuong ty LV 14 trung truc cia PQ. Vay L 1a tam duong tron qua cac diém
M.N.P.O.

Vay cac diém

1,0
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E !
\\ \ H & (A A Q
\ \ [ | i
\ /
M R bd
N : & e g //
B .S b
i ~ .
B T -7 D S’ L - -
G K’

W RER N A v e e (DMO):(DNP): 1,0

Goi W R.R theo thar tu 1a tAm va ban kinh cac duong tron (DMQ)-(DNP)
' . .2 L (O): \ A . v . -2
KK 13 cac giao diém OL va (C ) H 1a trye tAm tam giac ABC . G 13 giao diém
cua AH va (0):5.5 theo thir tw 13 giao diém cua HK.HK' 3 WW'. Z 1atam
duong tron (DPQ).
Ta co
(DL.DM )= (DB, DM )= AB, AM )= —( AC. AQ)
=—(DC.DO)(mod 7)

nén két hop voi LM =10, suy ra L thudc dudng tron (DMQ). Vay "W 1a trung
truc DL (1)
Dodé 55" theo tht tu 14 trung diém /7KK 1,0

.Kéthop D 1a trung diém HG (két
qua quen thudc) suy ra DS VVGR DS TGR .

Goi XY ABAC (o)

theo tht ty 13 trung diém cua
Tur (1) va (2) suy ra tim dudng tron Euler cua tam giac 48 C ndmtrén W' va
WW' 13 trung truc XY (3)
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1,0
Tacé DP la day cung chung cta cac dudng tron (<) va (Z) DO 13 day cung
chung cua cac duong tron (Y) va ( ) nén DpLlzX. DO LzY . Suyra
(ZX. 2V )=(DP.DO)=(DP.AP)+ (AP, DO)
= (DB.AB )+ (AC.DC)= (AC.AB)=(LX.LY){mod 7)
Vay Z thudc duong tron (DLAYSS') (duong tron Euler cua tam giac ABC) (4)
( = 7 T = 7 YY) = — 1,0
Tir (3, (4) suy ra (S5 W)= Z (S )= Z(551 A7) =]
Kéthop DS l DS' suy ra DS, DS" 4 phan giac cua goc tao boi bw.pm
Theo tinh chat duong phan gidc
SWw bW R SW _DW R
S oD ®Rsw D R
Suy ra 8,8 theo thr ty 1a tm vi tu trong va tdm vi tu ngoai cua cac dudng tron
(DMQ).(DNF) nén cb dinh. Noi riéng tiép tuyén chung ngoai ciia cac duong tron
(DMQ) (s (DNP) | o1 i qua dim cb dinh.
Dat = (n+2)—v, ,¥nzl thi 1,0
. 22n+3). . 220+ 3)
(n+3)-v =——(n+2—v )=-3un+l)=y =——v
' )= n+2 23 } n+ 2
Khi do =3 va chl'rng minh quy nap duge ' it voi moi /%
Aot =(nt2)=C)
Vay » ° ‘' nén " 14 sb nguyén voi moi sd nguyen duong 7
. . ¢ o=1{mod 1,0
Nhan xét. V6i moi s6 nguyén t6 7= thi =~ (mod p7)
. et (pt2)e(2p-1)
-1 3 _ ]
Chtng minh Lp=1)
SR e TP L S S R N
Ta chimng minh (ptDpt2)2p=1)=(p-1)p
U pory RISSTED o (| A
Ta co / '
I 1l
Hé 12p =, thugontheo modunlo 7 nén
' . — | . ~
[;1—]}Z| —.l}.l ——[_‘.'1—]}!ZFE—[_;J—]}!ZJ'
-1 -1
]},JJUJ :[ 1p }[mud;:}
;\,-[:‘fl—]}'Zi [ | ﬂ[mud p)=(p-1)] Zl |E mud;: ]
-|.__,"] J .,.I.',-
Ta cling co 1,0
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P S I ID WIS o3

E_“]—]}!Z%E—“J—]}!Zﬁ:

(p=1)2p-1)p

0

=—(p-1)! = 0(mod p)

[:,”—]}!i > .]—.|Eﬂ[:mudp}_
Nén e p 1)
Do do,
(p+1)(p+2)(2p=T)~(p-1)

=Ap +p [:;J—]}!i Z

P

1] . ' 1]
et T2
Eﬂ(l‘nl.‘ldp"}

Vay nhdn xét dugc chimg minh

. . w,  —p=1-C"' =0{modp).
Do dé véi moi sé nguyén t6 £ = i 0 o0 =0(modp)

Bidn déi (4=1) +(b=¢) +(c=a) =0(mod p)

T’y =0{(mod p

b,

.Hr'l.'- -25—7{_ -
thi‘a‘r(l),tac() (2x+ ) ==31" (mod p)

pat a-b=x vy b=y g

: =7 3
THI. Néu P =2 (mod3)

Nég (P) =1 g (53 = =204 y) " (mod p)= (-3)T =1(mod p)

(-3 .
i — |= = p=1{modo)

Vay * 7 , mau thuan vi
== 0(mod p } Khido = bh=c{modp)

p=2{mod3)

Do vay , tiic ¢ P bo thoa.

1,0

TH2. Néu ' = |(mod 3) thi =3 1a thang du binh phuong modunlo Z nén phuong

iz l=0f . . -
2 I=0(modp) o pai nghiém “° va “ theo modunlo -

Khi do [_-"-'—:.Ll'”-".'— z, _1'}5 ﬂ[_|]1L1d ,”}

(mod p)

trinh -

=z 1
suyra ' z,vimod p) hoic
rYT=Z

v=cz,v(modp a=(z,+1)h—zc(modp)

>~

2
) thi ,néncd P bd thoa.

v=z,v(mod p) s (z,)+1)h—=z e (mod p)

Néu

, 2
Néu ,nén coé P bo thoa

1,0

Gia st tn tai bo (a.5:¢) 460 ddng thoi @ = (7o * )P~z (mod p)

a=z(zc1)p=z e (mod p) (=== ) (b-c)=0(mod p)

va

hi |
= =—l—z,(modp) z, —z,=—1-2z, 2 0{mod p

Do % nén 20— y=c(mod p)

s
}, do do
tire ¢ P bd nhu thé. Vay truong hop nay ¢ 2P~ P b thoa.

9

1,0
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uigeli.xyz PE ON THI HOC SINH GIOI
PE 8 MON: TOAN 11

‘u, =1
. 2022
‘“--4 =i+ Ju T.'ﬂr =

A ~o A s 4 . S, Y T U ST
Cau 1. Cho day so0 xac dinh boi * Tim tat ca cac gid tri ¢ sao

o
1

cho diy sé * '/ c6 gi6i han hitu han.

fooh —

Cau 2. Tim tat ca cac ham so lién tuc thoa man

flot vitvelx)=hix)+hly) v ve
Ad; BB CC ddng quy tai H-
(OAB) g; Co

Cau 3. Cho tam giac nhon 4BC noi tiép (9)- cac duong cao

| cht lai (OBC) oy 4 OB (OCA) i By OC

DPuong thing 04 ' cat lai ' cat lai

Chumng minh rang A4, BB, CC, dong quy.

Caud. Cho * = % thoa min d6ng thoi hai diéu kién sau:
1. Néu a,be X thi a+be X

2. Véimoi 45 ¢~ I uon ton tai » € X saocho b khong chia hét cho ¢-
Chung minh rang ' ‘X 1 tap c6 hitu han phan tir.

Cau 5. Xét bang 7>7 6 vudng co6 bon & & bon goc bi xéa .Ta td mau z 6 trong bang con cac 6
con lai khong t6 mau . Tim s6 # nho nhat sao cho v&1 moi cach t6 mau thoa man yéu cau bai
toan déu khong ton tai mot hinh chir thdp nao ma 5 6 cua hinh nay deu khong mau

Pap An
Cau DPap An Diém
1 Chimg minh dugc limu, = += 0.5
1 1.0
o = —
Xétvoi 2. Tacd
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Iim—"'_—l.
Suy ra no 2
) L 1.0
| ; o
o> hm——hm— u, =t
Véi 2 tacd " "
. . . 1.0
a<— limZe = 1im e, T o0,
Voi  2,tac6 " n
u{': 1 0.5
7 o= —.
Vay, day s6 c6 gioi han hitu han khi va chi khi 2
fle+ it elo)=hiv)+h(y)ve, e . *)
Tir (%) cho V=0 taco | (¥} 2O =R} +h(0) G0 0.5
filx+v)=hix)=hiy)= plo) (1), trong do pla)=—glx)=g(0)+ A(0).
Trong (1) thay Y bsi YT taco 1.0
hix+vy+z)=h(x)+h(v+z)+ pilxy+xz)
=hix)+ hivi+hizy+ plyz)+ plav+ xz), (2)
Trong (2) thay d6i vi tri ¥ va Z tacé
plovis plyvc v zv)y=plyz b+ plo+ v, ¥ oo, v.o
JI \/E JK 1.0
r= . V=
6i ¢ b.c>0 bat ky , chon @ thé vao (3) taco
‘.':l[[.'} plhtel= pib)t plate },cho a0 t3c6
ply+ plh+ )= pib)+ pic)
ae ah he
e I|ll ,-'[:] r == I,'_:'llz _.::: _ ’
Vi €= 0B <0 pas chon ’ ¢ @ thé vio (3) ta co
pla)s plbscl= p(b) s platc) g b0 4
P+ pla+el= plal+ pic)
Cho 4= 0 ta c6 pl0y+ plh+c)= plh)+ bhic).
Nhu vay pla+h)= pla) ;J[."J}—;J[U}."‘u":.'.."l:U,kéthgpvéi P lien tyc ta 6 0.5
plx)=ax+ b
1.0

;':.'[.'-.']-=|"i'[.'-.'}—i.'-. I )
Pat 2 khidé KO tign tuc tren U, két hop (1) ta 6
ket v)=kix)+k(y)+ b ¥y ve  suyra K =ex=b podo
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oo -
X

filx)=—=x" +or—1h

¥ 5 . r
= Thir lai ta co
a . . a4
glrl=—avifilx)=—x toev—fh fly)=—=x +ov—h
¥ Bl
A
0
H
s
B
A, c
A

Goi 5.5 1an luot 14 giao diém cua A4 BBy i OH L0
X . 4 b4 HOA L5 r < A ;4,;4'},5
Ap dung dinh 1y Menelaus cho tam giac I voi cac diem 2
thang hang ta co6
SO AH AA » SH _AH A4
SH A4 A0 o asysuyra S0 A4 A0 (g
Vi tam gidc 4BC nhon nén H nim giita 4 va ;4 nim trong (OBC) 10
SH AH A4 _AH A4
~ o ~ \ ,___- _..-,J
nén n6 nam gitra 4 gy 0 podo ¢ A4 A0 A4 AL (1)
A A AAOA _ ABAC 1.0
Mit khéc lai c6 4.0 0404, 04,04, (2)
Lai 6 NOAB AOBA, ja) 04,04, =08 =R 3
Tam gié,C .'IB.‘II (__.I!.!r.‘.ll nén .4| JrJ].."EI(.': .’1|.4..4| .Irfr (4)
SH AH ABAC  AH.AH 1.0
T (1), 2),3), @) taco ° A4 & o
0.5

Tir 2 didu kién trén tasuy ra ton tai ¥ * -V =X Khido e Th =
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0.5

Néu ¥=1 thi 'Y =19 |3 tap hitu han
, =]l , ,
Néu *>1 thi i=l , trong d6 7 1a cac sO nguyén t6 khac nhau. Tu

diéu kién 2 suy ra ton tai i € X khong chia hét cho 2

. | v ) |
- ZI ! =y |
Pit L

1.0

D& thdy ¥ € X . Ta s& chitng minh moi sé nguyén >~ déu thude X.
That vay

1.0

Vi (00 =1 pgn o wa s 2rn gy mgt h¢ ddy i modul . Do

d6 ton tai lel” gao cho "~ /X:y. Suyra "= [v i ke X

Vay " ‘X 13 tap c6 hitu han phan tu.

1.0

+Goi D 1as vudng ndm & hang i cot j. Bé ¥ rang mot hinh chit thap duoc xac dinh
s . . C.
mdt cach duy nhat béi 6 ¢ chinh gitra. Ta ky hi¢u Y 1a hinh chit thép c6 tam 1a 6

(fa./)trongdo 1481 2:3:4,5,0¢.

cac 6 trong bang thanh bdn loai.

Do d6 tong s6 hinh chir thap trong bang 1a 25, chia
(L (L D7 1.7 .

Loai 1 : cac 6 thudc dung mot hinh chir thap 1a cac 6 vOi

i f1ei2.3.4.5.6]

Loai 2 : Céc 6 trong bang thudc ding ba hinh chit thap gom cac 6

(2,202,000, 2)(0,0)

Loai 3 : Cac 6 trong bang thudc diing bon hinh chit thap gdm cac 6

(2.0 (1. 20 (0,00 01.0) 1€13,4,5]

Loai 4 : Cac 6 trong bang thudc diing ndm hinh chit thap bao gém céc 6 (@, /)
3<ij=5

1.0

Néu khong thiy dugc 5 6 khong mau cia hinh Cp thi trong cac 0

i""l "'|'| |""| ]] r] "l] |'"| 1] |'1 "'l]
c6 it nhit mot 6 dugc t6 mau.

Néu hinh Ce2 dugc t6 mau thi trong cac 6 (6,2), (6,1), (6,3), (7,2), (5,2) ¢6 it nhat 1 6

duoc t6 mau

Néu hinh Cas duoc t6 mau thi trong cac 6 (2,6), (2,5), (2,7), (1,6), (3,6) c6 it nhat 1 6
duoc t6 mau.

Néu hinh C dugc t6 mau thi trong cac 6 (6,6), (6,5), (6,7), (5,6), (7,6) b it nhat mot
0 duoc t6 mau

1.0

Theo cach phan loai trén cac 6 ké trén thudc khong qué 4 hinh chir
thap.

Goi ¥ 14 s6 6 dugc t6 mau trong loai 4, s6 hinh chit thap duoc té mau <Sx+4.4

1.0

Néu voi moi hinh chir thap déu duge t6 mau thi S¥+160225 () & x 22
Néu cac 6 dugc té mau 1a 6 twong tng ¥ = 2va do vay theo (1) c6 khong qué 1 hinh
chit thap chira nhiéu hon 1 6 duoc t6 mau. Néu c6 2 6 ¢6 1 canh chung va c6 1 dinh

1.0
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chung dugc t6 mau thi s€ c¢6 2 hinh chir thap ma mdi hinh ¢6 it nhat 2 6 duge t6 mau
do duoc.

Suy ra (4,4), (3,3), (3,5), (5,3), (5,5) khong mau.
Khong gian téng quat : gia sir (4,3), (4,5) duoc t6 mau = G
=0 khong thoa man 7= 7

Vé6i =7 cach 6 trén thoa man. Vay min 77 = 7

Ca khong mau. Vay

uigeli.xyz PE ON THI HQC SINH GIOI
PE 9 MON: TOAN 11
Céu 1 (4 diém). Cho day sb (u,) thoa man ul:%  Upy = U, +2 Ju_n+”—i véin=>1.
a) Tinh [Vt
b) Chung minh rang day an:u—1+u%+. ..+u£n khong cé gidi han hitu han.

Ciau 2 (4 diém). Cho tam giac ABC ndi tiép duong tron (O) c6 M 1 trung diém BC. Tiép tuyén tai B,C
ctia O cét nhau tai T. (BOC) lan luot cét lai AC,AB tai diém thtr hai 1a E,F. Goi S 14 hinh chiéu cia O
trén AT, H 1a tryc tam ctia tam gidc BOC.

a) Ké duong cao AD cua tam giac ABC, goi L 1a diém Lemoine cta tam gidc ABC. Ching minh
rang khi A di dong trén (O) sao cho ABC 1a tam giac nhon, DL ludn di qua mot diém cé dinh.

b) Ching minh rang hai duong tron (AEF) va (HST) truc giao.
Cau 3 (4 diém). Tim tat ca cac ham s6f: R — R thoa man:
flxy+xflyl|=xy+yf(x|,vx,y € R.
Cau 4 (4 diém). Cho a 14 s6 nguyén duong théa méan ged(an+1,2n+1) = 1 v6i moi s6 nguyén n.
a) Chung minh rang ged(a-2,2n+1) = 1 v6i moi s6 nguyén n.
b) Tim tit ca sé nguyén a thoa mén.
Céu 5 (4 diém). Cho mot bang kich thudc 2024 x 2024 dugc dién cac sd ty nhién tir 1 dén
2024 theo quy tic sau: Hang thi nhit ta dién cac s6 tir 1 dén 2024 tir trai qua phai, ¢
hang thir hai ta danh cac s6 tir 2025 dén 4048 tir phai qua trai, cac hang tiép theo duoc
danh theo kiéu zich zic twong tu nhu trén. Hay tim cac phu kin bang trén boi 1012 x 2024

quan co Domino 1x2 sao cho tong cua tich cac s6 trén moi quan cd Domino 16n nhat.
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DPAP AN VA HUONG DAN CHAM THI

2 . 2023 — .
Cau 1 (4 diém). Cho day so (4,) théa man uﬁﬁ , Up=Up+2 \/un+Z— voéin=>1.
a) Tinh l vV U2023_I.
. 1 n
b) Ching minh rang day Cl,,:u—+u—+. "+u_ khong cé gidi han hiru han.
1 2 n
Noi dung Pié¢m

a) Ta s& chirng minh bang quy nap: n’<u,<(n+1). 0,5
That vay: Xét n=1 dung, gia sir khiang dinh ding t6i n=k >1, ta s& chirng minh khing dinh
van dtng véi n=k+1

2 0,5
Ta co: uk+1=uk+2\/uk+k—>k2+2k+1:(k+1)2

Uy
_ — K 2 (pan)?
U = +2V U+ —<(k+1)+2(k+1)+1=(k+2)
Uy
Vay theo nguyén 1y quy nap toan hoc, ta c6 n°<u,<(n+1)’. 0,5
- | \/Uzoz3 1=2023, 0,5
b) R& rang (a,)1a diy ting, hon nira: 0,5
12 n_1 2 n
a,=—+—+. . +—>S+=+ .+ ;
u, u, u, 23 (n+1)
2 0,5
+=+.. .+

Ta s€ chirng minh: lim =+, That vay:

2273 T (n+1)

: k
S k1)

Goi (s,) 1a ddy théa mén: s,= Xét day con (Szk_1 ), ta co:

2 N | N +2k+1—1>2k+2k+1+...+2k”—1
(2k41f (241 T (2K41f 2%
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) 2k(2k+2k+1_1)_2k+2k+1_1 2k+1_ 1 0’5
6 2k+3 - 2k+2 2k+3_z
- szk1>§,vk e N’ 0,5

.k ) .
Ma lim —=+00nén limS,_;=+% = lims,=+%,

k — 400

Cau 2 (4 diém). Cho tam giac ABC ndi tiép duong tron (O) c6 M la trung diém BC. Tiép tuyén tai B,C
ctia O cit nhau tai T. (BOC) lan luot cat lai AC,AB tai diém thi hai 13 E,F. Goi S 1a hinh chiéu cia O
trén AT, H 1a tryc tam cta tam giac BOC.

a) Keé duong cao AD cua tam giac ABC, goi L 1a diém Lemoine cta tam giac ABC. Chirng minh
réng khi A di dong trén (O) sao cho ABC la tam gidc nhon, DL lu6n di qua mot diém c6 dinh.

b) Chung minh rang hai duong tron (AEF) va (HST) truc giao.

Noi dung Piém

a) Goi M 1a trung diém BC, ta c6 chum diéu hoa co ban D(AM,ST)=-1 (1). 0,5

Mait khac, do H 1a tryc tdm cua tam gidc BOC nén 1,0
MO.MH=—MB.MC=—MT.MO - MH=—MThay M la trung diém HT.
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Lai c6 DA/{ HT nén D(AM,HT)=-1 (2). Tir (1) va (2) suy ra D,L,H thang hang. R5 rang khi | 0,5
A di dong thi H 13 diém cb dinh nén ta c6 diéu phai chimg minh.

b) Xét phép nghich dao f cuc A, phuong tich AB. AF, ta co: 0,5
f:B<~ F,C < E,S <« T,|AEF| - BC,(HST) < (HST). 0,5
Mit khac, theo ¥ a ta ¢6 H,T dbi xtmg nhau qua BC nén tdm cua (HST) thudc BC. 0,5

Do phép nghich dao c6 tinh bao toan goc nén (AEF) truc giao voi (HST), ta ¢ diéu phai 0,5
chung minh.

CAu 3 (4 diém). Tim tit ca cac ham sdf: R — R thoa mén:

flxy+xflyl|=xy+yflx|,vx,y €R.

Noi dung Piém
Goi P33 1a phép thé chi khing dinh 0,5
flor+xfiv))=xr+ o (x) (1)

£0:0) 0 fl0)p=10.
Pllix) s o+ fix))=x+ (1), ¥xe @)
Gia str 3¢ # Oga0 cho/ (@) =0
Plaia) 1 flax)=ax +af (x). Fxe . 3)
Plazx) o flactafix))=ar, Yye

= alxt flx))raf (x4 flx))=ar, Fxe . 0,5

Ta(3) —

=ar+af(x)+a I: a il ]-} =qx., Vi e

= fix)+x+xf(1)=0, Vxe

= f(x)=—(f(1)+1)x, Fre @
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x=1 1 f(l)=—/fili-l= fil)=—

Tir (8) suyra =

Trong (4) thay 2
. |
= fxl=—=x, Yxe . .
2 Thir lai thay khong thoa man.
Suy ra flrl=0= xv=10,
Xét 2 truong hop sau: 1,0
Trudong hop 1: Jh=0: f(h)=-h
Pibix): flbe+bfix))=0, Vxe
= hr+hfix)=0, Fxe
= Sl =0 7= 0Ty la thy thoa mén.
Truong hop 2: flvl=—x, ¥o=0,
J.x‘,, fa= o)ty =0
= '--':..':' - .-'.-:...- '.-II:]-
Gid sit v =00 flx )=l )=x, = = Dvé l ot =)
Ploca ) Flvx 4 v, )= v+ xf(x), Fre . )
Plox) s e, oy )J=xo, o filx), Yre o ©)
Tu (5), (6) suy ra 0,5
flleg s o) w (s fx)) _—
f(otayx) w (o o)y
v
= f({x, +x,)x)= —F((x, +x, )}, Tzl
™)
] = 2 (), T
Trong (7) thay ¥ boi : SR ' (8)
pl 5t % ' | : ;‘| X+ X, (ot o (1)) |: X+ X, - ”.‘ Nt | iy 0f v e
L X, | L+ X, ] X, +x, L X,
i Flovs xf(vy)= ST A - XY+ i_l',"[.r}. P = 0,5
x, +X, ¥,
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il flovt xf(v))= 4-.?_1' - i_l'f[.r}. Trove

~ < R X, A5
Ciing tir (1) : "2 e 2
Suy ra
X+ X X \
— -y =—-x1, vrzlyre
x5 o R
LH T i ¥ X
= = — =1 Xy = XX N, =5 =5,
i, + X X,

fivy=0e= r= Dsuy ra fd(m anh trén L -

Két hop véi
Viét lai (1) thanh

Fla(v+ £ =vix+ f(x)). ¥rove ©)

Trong (9) thay * 7" ) ta duoc

Fla{y e fe £ (e )= FO ) fix), Frre

D6i vai tro Y suy ra 0,5
Fle(ps A S (e SN = (v(e e S f (x4 F (). Fepe

= (v () (v FON)) =vlxs flx)+ flxs fix))), Frove

Thay w=1x{ e f+ (1 D)) =x+ Flod+ fx+ f(x). Yore

Tir 2) = x(l+ f(D+1+ f(D))=x+f(x)+x+xf(1), Vxe

= fix)=xf (1}, ¥xe

Thir lai ta duge / 1=+ 7r e 0,5

Vay tit ca cac ham théa man 1a flxy=x, Vre o flx)=-x, Vxe

Ciu 4 (4 diém). Cho a 1a s6 nguyén duong théa man ged(an+1,2n+1) = 1 véi moi sé nguyén n.

¢) Chimg minh rang ged(a-2,2n+1) = 1 v&i moi sd nguyén n.

d) Tim tit ca sb nguyén a thoa man.
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N¢i dung

Pieém

a) Tacoan+1=2n+1+ (a-2)n nén (an+1,2n+1) = (2n+1,(a-2)n)=1

Suy ra (2n+1,a-2) =1

1,0

b) THI : achan, dit a=2k ( k nguyén duong)
Theo ¥ a ta ¢c6 (2n+1,2k-2) = (2n+1,a-2) = 1 v6i moi n nguyén
Hay (2n+1, k-1) = 1 v61 moi n nguyén

Suy ra k-1 =2* nén a =2*"! 42 véi x 13 s6 nguyén khong am

1,0

TH2:alé

Néu a =1 hodc a =3 thi thoa man

1,0

Néu a =1 hodc a = 3 thi thoa man
Xéta>5,data=2k+1 voik>2
Khi d6 v61 n = 3k — 2 thi ged (an+1,2n+1) = 2k-1 > 1

Vaya=1,a=3 hodca=2"+2, m> 1 thi thoa man

1,0

Ciu 5 (4 diém). Cho mot bang kich thudc 2024 x 2024 dugc dién cac sb tu nhién tir 1 dén
2024 theo quy tic sau: Hang thtr nhit ta dién cac s6 tir 1 dén 2024 tir trai qua phai, &

hang tht hai ta danh céac sd tir 2025 dén 4048 tir phai qua trai, cac hang tiép theo dugc
danh theo kiéu zich zic twong tu nhu trén. Hay tim cac phu kin bang trén boi 1012 x 2024

quan co Domino 1x2 sao cho tong cua tich cac s6 trén moi quan c& Domino 16mn nhat.

N¢i dung

Piém

batA={1,2,...,2024*}. Goi a, b, 1a hai s6 duoc ghi trén quan co Domino thi 1 véia,, b,

€ {1.2,...,2024%};i=1,...,1006 x 2012 va S = Z a;.bvéin=1012 x 2024. Ta can tim

i=1
gia tri nho nhat cua S.

0,5

2, .2 2
Vixy=X+y _ (X_Y)
2 2

Nén ta co:

1,0
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1 n n
S=5 (aiz"’biz) -lz<ai_bi)2
23 23
Mit khac a;,b; 1a cac s6 ty nhién khac nhau thudc tdp A nén 1,0

n

2n
z (ai2+bi2) - Z i* va (a,=b) =1
i=1

i=1

2n

1 0,5
Suyra S< 5 Z (i662—n)i
i=1
Ding thirc xay ra khi va chi khi a;, b;1a hai s6 tu nhién lién tiép 1,0
Vay dé S 16n nhat ta phii cac quan c& Domino sao cho mdi quan c& chira hai sb tw nhién lién
tiép.
uigeli.xyz PE ON THI HQC SINH GIOI
PE 10 MON: TOAN 11
(% =a
. .z N (x,) o . [Izl— Ve Laell.
Cau 1 (4,0 diém). Cho day xac dinh boi Vo1
\ /( 2 14 M4 . 9 a ~ (x”) 14 cr.. ~
Tim tat ca cac gia tri cia ~ sao cho day c6 gidi han hiru han.
A . . . 3 . Cs R 2 X% y>0
Cau 2 (4,0 diém). Chtirng minh rang voi moi ham so ludn ton tai
sao cho
fO+y)<yf (f().

A . X ., ABC . . ] A ‘X ‘s
Cau 3 (4,0 diém). Cho tam giac va diem = thudc mién trong tam giac
AABC: Al BI.CI | , BC.CA.AB _D.,E.F.

X < \ 2 I . . r:
lan luot cat tai Puong thang qua = va vudng gbéc véi
4 . BC . M:N.P L DE,DF. ,
cat tai lan lugt 1a cac diém doi xung vé61 -~ qua Chiing minh
. M,PN .,
rang thang hang.
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|
=

. n=ploptp [A =2re Wi ﬁ
Cau 4 (4,0 diém). Cho 1a phan tich cua " thanh tich
céc thira s6 nguyén to.

) . . o =a (mod ) ] ] Caell
Chiing minh rang néu phuong trinh c6 nghiém nguyén voi moi
p=r=.=r =1 ged( p, —1,2023) =1, 7i = L.
thi va
i Y |X]=n A A A (mz2)
Cau 5 (4,0 diem). Cho = 1a mdt tap hiru han véi va cho la
r A J4 A o o X “’4 o ‘4‘ {_: I y e . I * ]
cac tap con c6 ba phan tr cia =~ sao cho vO1 moi
|,-'1| E[\,I'EH}
, . 3 A e aia Ay A , X A A
Chung minh rang ton tai mot tap = la tdp con cua =~ sao cho va = khong

A Ay A
chtra tap nao trong cac tap

Ghi chi: - Thi sinh khong dwoc sir dung tai lidu va mdy tinh cam tay trong khi lam
bai.

- Cdn b§ coi thi khong gidi thich gi thém.

HUONG DAN CHAM
(% =a
. .z _o(x) o . l:l— e Laell. .
Cau 1 (4,0 diem). Cho day xac dinh bdi Vo1 Tim tat
(x,) .
ca cac gia tri cua “ sao cho day c6 gidi han hiru han.
Hwéng din chAm 4,0 diém
: 2 e
Véi Jal < chi ra dugc day khong c6 gidgi han hitu han. Ta xét truong hop
|a| <2
x =a=-2cosa, a €[0;7] x =—2cos(2”‘la) Vnel” . 1,0
bat ™ ’ " Taco ™ ’ "Giasu 4 1aso

L=2-I=Le{-21}.

v LA . limx . 4,
ma ton tai " Khi do
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42 * _
pat /=25 nel gy go S =L g ¢

ange

Lagr:
xn+1 _L|:|f(xn)_f(L)| = |f,(cn) xn _L|:|2cn xn _L s
v6i “ 12 mot sb nao d6 nim gitra Yva L
. 3
limx =Le{-2;1 . o omg el x| >—, Vn2n,.
Do ! 21 nén ton tai 4 Suy ra 1,0
c, >%, Vnzn,.
3 3 .
xn+1—L|>—xn—L,Vn2n0. Xn0+k_L‘> 5 X, —L|, Vkel .
Khi d6 2 Do viy
(*)
A xn _L ¢0 \ « A N , ~ X =
Néu "™ ‘ thi trong (*) cho k=40 g suy ra diéu vo ly. Vay ™
Trwong hop 1: L=-2. x¢t phuong trinh 0,5
—2cos(2n°’1a)= -2 cos(Z""’la): leo2" ' a=m2r < a =n21}.1_02_71r, Vmell.
Truwong hop 2: L=1 xet phuong trinh
— +1+3m).2n
—2cos(2"°1a):1<:>cos(2"°1a)=—1<:>a=%, Vmell.
2 3.2™ 0,5
) a=p'22[,peD,qu.
Két hop lai ta dwge 32
a:p.Zf{T’peD’qu. 1,0
Thir lai, xét 32 Ta c6
x, =—2c0s 2 PN o e 2R ,Vnel .
3.29 3
V6i "2 thi
. = x =-2cos(2""-p' 2w )=-2, Vn=q+1.
+) Néy P=0mod3) . % (2 pl2an) q
— 1(mod 3 x, =—2COS(2n_1_q'2Tﬂj,VnZ(]+l.
+) Néu PElmodd) s Ta thay
T
x =-2cos| t— |=1, Vn2>¢g+1, p=1(mod?3).
27 = +1(mod3) . " ( 3 j 4+ p=lmod3)
nén
n—1- 47[
= 5(mod3 x, =—2cos| 2 q-T , Vn>q+1.
+)  Néu P=2modd) g, Ta thay

4
=-2cos| T—qicelk >qg+1, p=2(mod3
210 = +1(mod 3) X, ( ?u;gehﬁ& g+l p=2( JTrang 59
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= imod3) . T2 cos(i ?”j =1, Vn>gq+1, p=2(mod3).
T nén

X, :a:—2cos(§§fj, pell,qgell
- thi diy hoi tu.

Tom lai, voi

. . I X x, y>0
Cau 2 (4,0 diém). Chtirng minh rang voi moi ham s6 ludn ton tai
sao cho
SO+ <yf (f(0).
Huwéng din chim 4,0 diém
Gia thiét phan chimg * ") ZY@Evny>0 10 et oy gy
= 0.
t=f(f(a)> 10
b:a(l+l+l2j > a.
Xét Lt
f)=f((b-a)+a)= (b—a)f(f(a))=(b—a)tza(l+1]>a
Ta co ! (D
1,0
SO)=1(a+(1B)-a))=(f () ~a)f (f(@)2"1=a
va
2)
Tacs @ = f(b+(x=0))=(x=b)f(f())>(x—b)a, Vx >b. 3)
f(x)>(x—b)a>x:>x>a—b. 1.0
Xét a-1 Khido ’
FF@)=f(x+(f0)=x)=(f)=x)f (f()) 21> f(x)—x= fx)<x+1. 4
b+1
x—b a>x+1<:>x>a—
Trong (3), ta chon * sao cho (==5) a-1 i J)>x+l. (5)
s ab+1 1,0
Tom lai, véi  4~1 thi ta c6 dong thoi (4) va (5). Pay la diéu vo Iy hay
gia thiét phan ching 14 sai.

Cau 3 (4,0 diém). Cho tam giac ABC vy diém ! thuoc mién trong tam giac
AABC AT BN.CH o x ¢, BC.C4.AB , . D.E.F.
lan luot cat tai

AL cht BC @i MNP 130 ot 13 cac didm d6i xtmg véi [ qua

Puong thang qua ! va vudng goc véi
DE, DF- Chtrng minh
ring Y7V thing hang.
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Hwéng din chAm

4,0 diém

. N « R Ae , y . e _-J_"-.': _:l = _:l‘: _:l.;' A A
Goi 9 1a diém déi xtmg véi 1 qua BC. Ta co ! PI=DE=DC hen bén L0
-7\ j.\ll" - - ) \ :« oY \ \ A ’
didm V114 cung nam trén duong tron tam D.
= 0 A < A ’ I . 3 A Ja 7.
Mit khac, vi BIM =90° sy IM tiep xuc véi D) i I vi -9 géi xtmg véi
nhau qua BC nan MO tiép xtc voi (D) tai Q.
, 1,0
piat X ¥ 14 cac giao diém caa EF voi B¢ 4P Khi do
. = — o , 2 e DM,I,E,F :—1.
(XVEF)=~1= DOXYEF) ==1 2 06 thé vidt ( )
H(OM.N.P)= s.mf_f_.‘_x_. f_{{] : s.mr_fi. IU_] _ SJ[.][IJ{'__.'_ f.?f.‘-_f] : SJ[.][fJ!f.'_: f_)._‘l_f]
Lai ¢6 ' SINCAN, IM ) sinlfF, AT s E DTy sl DL D
=DM I.EF)=-1
(vi T& MNP e thir ty vudng goc vei PM> DI DE, DEy
1,5
Q
1 [9 :»NaP =-1 ’ .y - A \ A 2 \
(.0 ) hay tr gidc IPON" 4idy hoa. Vay M,P.N thang hang. 0,5

Suy ra

1= pt ) [.L' =X el ¥i=Lk)

Cau 4 (4,0 diém). Cho

cac thira s& nguyén t5. Chimg minh ring: Néu phwong trinh *
A ,e . L= == '_=] . 'r~d[ _]1[]1?]=]T=H
nguyen vol mo1 aell thi H=1 ! va aed( p . ;

= 0 [[]'lL‘d "l

" 1a phéan tich ctia ”* thanh tich

c6 nghiém

Gia st phuong trinh * c6 nghiém nguyén véi moi “€ - Khi
¢ =a (mod p )

do cac phuong trinh cling ¢6 nghiém nguyén véi moi

Huéng din chim 4,0
diém
=g (mod ) 0,5
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aes,i=1k
P . 1 =D o =p (modp cr>1
Neéu ton tai * sao cho "7 thi chon TPy t‘ ) va i suy 0.5
. o) . ’
I PT. a1 xra P =LFIi=10E.
ra 7P vo 1. Vay J J
[p—1 2023
ged(p, —1,2023) = d = :-;t:di u —
1A ? f, {, A . *
Gia st [ [ Suy ra ton tai €~ sao 1.0
p-l_, 2023 ’
cho o - o
poooae L gedianp ) =1, C X 1a A n , X
Vi - go1 la nghiém nguyén cua phuong trinh
=g (modn) o, gedivp=1
thi Suy ra 1,0
_I _I - 2023 | TR
a’ =) = '} Co= Hmodp Ve e L gedia,p) =1L
, . Pl=t" -1, p—1 a =120 p —limodp ).
Do d6 da thae "'~ Lo P nghiém r " Theo 1.0
S 9
. , JdegPlt)y=p —1=d =1. (. gcdip —1,2023)=1.%i=1.k.
Pinh li Lagrage thi =~ = " y e SR ' J
A X N A A 1 | X|=En A A A, (mz2)
Cau 5 (4,0 diém). Cho X 1a mdt tap hitu han voi a1 vacho """ R

1 ;‘r{. ™A i =1 , . .7 . , . N A
cac tap con cd ba phan tir cia X sao cho ‘ ' ‘ voimoi 7/ Chiing minh rang ton
. A A A \ A 9 X |.4‘ _. |: 2” J \ A A /4 A \ r
tai mot tap <! 1a tdp con cua 4 sao cho va 4 khong chura tdp nao trong céc

A A Ay A
tap | 2
Hwéng din chAm 4,0 diém
Goi B 1a tap hop con ctia ¥ c6 sd phan tir 16n nhat sao cho 8 khong chua
A n e A Ay A Bl=ke L0
tap nao trong cac tap " (Gia su Khi d6 s6 phan tur cua tap )
| v A|=n—k.
~ /( /( /‘\ 2 2 |X\141| 14 14 r
Ta s€ dém sO phan tir cia theo céac cach khac nhu sau:
z xelX A . Awv { I.%' n , - n X ) .. , A X .
Néu [ thi = ~ "’ khong thda min yéu cau cla bai toan nén ton tai | 1,0
ilxyell, 2., m! A cAixh. xed A4 ixle A
“ sao cho " Suyra yy T
o , A A.( , X A N N A |."1 . :.".-:| - 1. 1,0
Mat khac tap " c6 so phan to bang 3 nén '
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L exmveXidox=zy, o A xi=A4000 ALY AE
Ta thdy voi = ' © Tl néu T o th1| ' |

-

Day

\ A A1 A
la di€u vo ly, suy ra

Do vy, mdi phan tir cua tap X4 tuong tng véi mot tap con c6 hai phan tir
D T it e N S ]

ciia 4 nénta co - bay

la diéu phai chimg minh.

1,0
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