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PAI HOC QUOC GIA HA NOI THI TUYEN SINH VAO LOP 10
TRUONG PAI HOC KHOAHQC TRUONG THPT CHUYEN KHTN
TU NHIEN NAM HOQC 2025 — 2026
Mén: TOAN
PE CHINH THUC Thoi gian 1am bai: 120 phat
Cau L.

I
1) Giai phuong trinh * -
[1{ i {}:-. | n‘i} + X 'ﬁ:‘.-'r =21

2) Gidi hé phuong trinh | 21(22=5Y" =5y + x—4y)= 27(x + 6y)

Cau I1.
1) Tim tat ca cac cap s6 nguyén (X; y) thoa man
| x +06x +1
"....’ F— —,,
Ty 2X(x 4+ 1)
, atbic=2 ,
2) Vi a, b, c 1a cac s6 thuc duong théa man 2, tim gia tri nho nhat cta
biéu thirc
(2—a)(a+2b) (2-by(b+2c) (2—c)(c+2a)

Cau II1.

Cho tam giac ABC nhon, khong can. Trén cac canh CA, AB lan luot léy cac diém
E, F (khong trung cac dinh tam giac) sao cho AE = AF. Trén duong thang EF lay
cac diém M,N sao cho CM vuéng goc CA, BN vudng goc BA. K 1a giao diém cua
BN va CM.

1) Chitng minh rang KM = KN.

2) Dung cac hinh binh hanh ANQF va AMRE. Ching minh rang NQK =MRK

3) Goi L, J lan luot 13 hinh chiéu vudéng goc caa M, N 1én duong thang BC, S 1a
giao diém cta JF va LE, T la diém ddi xtng voi S qua EF. Chting minh rang A, T,
K thang hang.

Cau IV.

Tim s6 nguyén duong k nho nhat sao cho véi moi cach sip xép 99 diém mau do va
100 diém mau xanh trén mat phang (khong c6 3 diém nao thang hang), ta ludn vé
dugc k duong thang, moi dudng thang khong di qua dlem nao trong cac dlem trén
va cac duong thing d6 chia mit phang thanh cdc mién ma trong mdi mién khong
¢6 2 diém khac mau.
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PAP AN
Bai 1.
a) Cach 1. Diéu kién x = -1
pat 4= VX HLD=VX46 145 46 phuong trinh c6 thé dugc vidt lai thanh
a —14+2ab+2a=24+2b

Hay 2hia—1)+a +2a-3=0

Mot cach tuong duong, ta duoc
(a—-1(2b+a+3)=0

Ma2b+a+3>0néna=1,hay VX +1=1

Tur do, ta c6 x = 0 (thwr 1ai théa man)

Vay phuong trinh d4 cho c6 nghiém duy nhét x = 0.

Cach 2. Diéu kién x = -1

D& thay x = 0 1a nghiém ctia phuong trinh

Xét truong hop X # 0 khi d6 phuong trinh c6 thé dugc viét lai thanh

x=2(l—v"x i l)[\.""{ + 6 4 l'}
VX 404 l}

1= Hx H6 +1)
Mot cach tuong duong ta co e , mau thuan vi vé phai co
gia tri am. Vay phuong trinh da cho c6 nghle;m duy nhit x = 0.
b) Phuong trinh thir nhét cta hé co thé duoc viét lai thanh
(X+6viIiXx+v+l)=21

x=

Hay | V’r“:—*(

Thay vao phuong trinh thtr hai ctia hé ta dugc
(X +6VIX+ v+ DX +6yHx+ v+ +1-5y =5xv +x—4v]=27(x + 6y)
Hay (X + 0¥+ ¥+ D0x+y+ 1) =27(x +6Y)

X+0y=0 (suy ra tir phwong trinh thir nhat)

Tur day, voichu y
Tadugcx +y=2
Két hop voi (x + 6y)(x +y + 1) =21 ta dugc x + 6y =7
Tordox=y=1

Thir lai théa man

Vay hé phuong trinh d cho c6 nghiém duy nhat (x; y) = (1; 1).
Bai 2.

a) Biéu kién:
Chu ¥ rang néu (x, y) 1a nghiém thi (-x, -y) cling 1a nghiém va x, y cung dau nén
khong mat tinh tong quat, ta c6 thé gia st x, y > 0

X,y =0
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Ti€p theo, ta c6 hai cach giai sau

I x +1 2x
V+—= |

. e , r 7 2
Céch 1. Tu gia thiét, ta co y =X "+l
Chuyén vé, phan tich nhan t, ta dugc

5 . kY ¥
Yy § R,
x 2x V(X +1)

T do, ta c6 hai truong hop sau:
X"+

y =
THI: 2X . Trong truong hop nay, voi chi y y 1a s6 nguyén, ta suy ra X +1
chia hét cho x. Ttr d6 1 chia hét cho x, kéo theo x =1 (do x > 0). Suyray = 1. Thu
lai thoa man

=Yy . De—
.Chuyrang X +1

Trong truong hop nay ta co x*+1

0<y<l

Ta co ,suyray=1.

2X
Thds X 11 hay (X—1" =0
Suy ra x = 1. Thir lai théa man
Vay co tat ca hai cip s (x, y) thoa mén yéu cau dé bai 1a (1, 1) va (-1; -1)
Cach 2. Phuong trinh ¢6 thé dugc viét lai thanh
2x(x" + Iy + D) =y(x" +6x +1)

Tir day ta suy ra %+ 0% 1) chia hét cho x

My (X HoxT +Lx)=1 nén y chia hét cho x

Bay gio, dat y = kx voi k nguyén duong
Phuong trinh c6 thé dugc viét lai thanh
2ix Dk xT + D =kix +6x +1) (1)

Vi x = 1, thay vao phuong trinh trén, ta dé dang tim dugck=1. Tr do y = 1.
Thir lai thoa man

Véi k = 1, thay vao phuong trinh trén, ta dé dang tim dugc x = 1. Tu do y = 1.
Thir lai thoa man

Xét truomg hop X = 2K 22 Khi 46 phuong trinh (1) khong thé théa mén vi
2Ax + Dk x" + D=2k x (x4 D24k (x D =k(4xT +4x7) = k(xT +6x7 +1)
Viy, ¢6 tat ca hai cdp s (x, y) thoa man yéu cau dé bai 1a (1, 1) va (-1, -1)

b)
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Cach 1: Str dung bét dang thirc Cauchy-Schwarz ta c¢6
vy o &

:
2 a] a+2b) (2-by(b+2¢) (2—c)ic+2a)

. Ja | ‘ e ‘
| 2—a | 2—c |
M= ‘- -
a Eab h- 4 "ba, ¢+ 2ca
| 2-a
) e —
(a+b+c) 9

. D<x<
Mat khac, theo bat déng thirc AM-GM, v61 moi

3
: ' 2 thi
iy |

X | 3x
2- |1 Y
'\J’l_{ J ;;[2—‘(] |\.‘i1§15;|{2 1‘:\]
3 i X 34 4
\/r_i‘“l 3 ﬁl[.}(ilij—}(\]: NEACIE NS
2 )

Str dung danh gia nay ta co

J_ V;_ J__%{aibm]:'\@
E—a b 2—c 34

M = 4[,]3) 44

Do d6 9 9

1WA 434
Mit khac, voéia=b=c 2 thi 9 . VayminM= 9
Cach 2. St dung bat dang thire AM-GM ta c6

Ja — 3ad4 a4 B 12a+/4
(2-a)"  3y2a2a.12-ay _{4d FD(2—ay  (da+ )4 -2a)4
27.1 211{,/’4_1 B 4;].'\/!1
C(4a+1+4-2a+4-2a) 9
Chirng minh tuong tu ta co

—2a)
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Vbooabfa e 4cdd

(2—by 9 (2—¢f 9
Tir d6, theo bat dang thirc Cauchy-Schwarz ta co
Miil\/ﬂ_r[ a_ b ¢ |
9 Ya+2b b+2¢c c+2a
M = 4 | il . b 1 ¢ |
9 la +2ab b +2bc ¢ +2ca)
h-'lf_-“4‘ﬁ. (a+b+cy :4{/:1
9 a +b 4+c¢ +2ab+2bc+2ca 9
A b l 434
Diu ding thire xay rakhi va chikhi 2. VayminM= 9

Bai 3.

a) Do AE = AF nén tam giadc AEF cén tai A

Suy ra: AEF =ATFE T do BFN =CEM

Bay gid, xét hai tam giac BFN va CEM co BFN =CEM
va FBN =ECM =90 ngn ABFN ~ A CEM (g.g)

Tir 46 BNF=CME pay KNM =KMN

Suy ra tam gidc KMN can tai K, tir d6 KM = KN
b) Do tir giac ANQF la hinh binh hanh nén NQ = AF va NQ // AF

|
Vi NQ // AF va BN L BA ngn NQ L NK tir d6 KNQ =90
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Két hop voi KN = KM suy ra AKNQ = AKMR (c.c.c) tirdo QK =MRK
¢) Qua diém K, ké duong thang song song voi duong thang EF, cit cac duong
thang AC va AB theo tht tu tai cac diém X, Z. Ké duong thang KH vudng goc voi
duong thang BC tai diém H.
BF BN BI

ViKH//NJvaKZ//FNnén BZ BK BH suyraFJ// HZ
Chung minh tuong ty ta cling c6 HX // EL
Do XZ // EF, HZ // SF va HX // ES nén A SEF ~ AHXZ (g-g)

SE EF AE
Tuwdo HX XZ AX syyra AAES ~ A AXH (c-g-c)
Do do SAE=HAX
Tir day ta suy ra ba diém A, S, H thang hang
Chu ¥ rang tr giac ABKC noi tiép dudng tron dudng kinh AK, do ¢ KAB =KCH
Ma KBA=KHC =90 paq AKB =HKC
Lai ¢6 AE = AF va EF / XZ nén AX = AZ suy ra AXZ=AZX
Tu do BXZ=CKX suy ra AKYZ =HKX
Goi G la diém dbi xtimg v6i H qua duong thang XZ.
Ta c6: XKG =XKH=AKZ
Nén ba diém A, K, G thang hang
Dén day, véi cha y TEF=SEF=ZXH =ZXG 3 AES=AXH
Ta cO AET =AXG

AE _ES _ET

Xét hai tam gidc AET va AXG co AX  XH XU y3 AET=AXG

Suy ra: AAET ~ A AXG (c-g-¢)

Suy ra; EAT =XAG

Do d6 ba diém A, T, G thang hang

Tir ddy suy ra ba diém A, T, K thing hang.

Bai 4.

Xét cau hinh gom 99 diém mau do va 99 diém mau xanh xép xen k& nhau trén
duong tron. Néu ké duoc k dudng thang ma chia dugc mit phang thanh cac mién
ma khong c6 hai diém khac mau thi k duong thang nay chia duong tron thanh
khong qua 2k cung tron roi nhau. Ta thay moi cung tron nay chi chira nhiéu nhat
mot diém xanh hodc mot diém do (that vay, néu ton tai cung chira khong it hon hai
diém thi hai diém d6 phai ciing mau va néu hai diém d6 cing mau thi s& c6 mot
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diém khac mau nam giita din t&i vo 1y). Nhu vay, k duong thang nay phai chia
duong tron thanh khong it hon 2 - 99 cung tron.

Tu day, ta c6 2k = 2.99, hay k = 99.

Ta chimg minh rang véi k = 99 thi ta ludn c6 thé ké duoc 99 duong chia 99 diém
do va 100 diém xanh vao cdc mién ma mdi mién khong c6 diém khac mau. Bé y
rang ban dau, voi hai dlem A, B cung mau thi ta c6 thé ké hai duong thang song
song voi canh AB va gan AB dé tao ra mot mién m&i ma mién nay chi chira dung
hai diém A va B do khong c6 diém nao nam trén duong thang A, B. (1)

Xét bao 16i cua cac diém 1a S.

+ Néu bao 16i c6 mot diém do thi ta ké dugc mot dudng thang tach diém do nay
v6i cac diém xanh. V&i 98 diém do con lai, ta chia cac diém nay thanh 49 cip roi
ap dung nhan xét (1) lién tiép 49 lan, twong tmg v6i moi cdp thi ta ké thém 98
duong nira. Nhu vay, ta da ke duoc tat ca 99 duong va sau khi ké thi mdi diém do
s€ nam trong mlen chi chura toan diém d6 khac.

+ Néu bao 16i gdm toan diém xanh thi ké mot duong thiang song song, di gan canh
ctia bao 16i thi ta tach duoc hai diém xanh ra mot mién méi. T d6, con 98 diém
xanh, ta chia cac diém nay chia thanh 49 cdp roi 4p dung nhén xét (1) lién tiép 49
lan, twong tng véi mdi cip thi ta ké thém 98 duong nita. Sau khi ké 99 dudng nay
thi mdi diém xanh s& nam trong mién chi chira toan diém xanh khéc.

Vay k - 49
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